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Abstract. Let A\ and A2 be expansive dilations, respectively, on ffi™ and M m . Let 
A = (Ai, A2) and A P {A) be the class of product Muckenhoupt weights on W 1 x 
K. m for p £ (1, 00]. When p 6 (1, 00) and w € A P (A), the authors characterize 
the weighted Lebesgue space L^(M. n x R m ) via the anisotropic Lusin-area function 
associated with A. When p g (0, 1], w £ Ax, (A), the authors introduce the weighted 
anisotropic product Hardy space H$,(R n x M m ; A) via the anisotropic Lusin-area 
function and establish its atomic decomposition. Moreover, the authors prove that 
finite atomic norm on a dense subspace of iJP(R n x M. m ;A) is equivalent with the 
standard infinite atomic decomposition norm. As an application, the authors prove 
that if T is a sublinear operator and maps all atoms into uniformly bounded elements 
of a quasi-Banach space B, then T uniquely extends to a bounded sublinear operator 
from iJP(K™ x R m ; A) to B. The results of this paper improve the existing results 
for weighted product Hardy spaces and are new even in the unweighted anisotropic 
setting. 

1 Introduction 

The theory of Hardy spaces plays an important role in various fields of analysis and 
partial differential equations; see, for example, [17, 23, 31, 42, 53, 54, 55]. One of the most 
important applications of Hardy spaces is that they are good substitutes of Lebesgue spaces 
when p E (0, 1]. For example, when p E (0, 1], it is well-known that Riesz transforms are 
not bounded on L p (M. n ), however, they are bounded on Hardy spaces H p (W a ). There 
were several efforts of extending classical function spaces and related operators arising in 
harmonic analysis from Euclidean spaces to other domains and anisotropic settings; see 
[3, 9, 10, 27, 51, 58, 59, 60]. Fabes and Riviere [20, 21, 46] initiated the study of singular 
integrals with mixed homogeneity, and Calderon and Torchinsky [8, 9, 10] the study of 
Hardy spaces associated with anisotropic dilations. Recently, a theory of anisotropic 
Hardy spaces and their weighted theory were developed in [3, 6]. Another direction is 
the development of the theory of Hardy spaces on product domains initiated by Gundy 
and Stein [34]. In particular, Chang and Fefferman [12, 13] characterized the classical 
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product Hardy spaces via atoms. Fefferman [25], Krug [37] and Zhu [65] established 
the weighted theory of the classical product Hardy spaces, and Sato [48, 49] established 
parabolic Hardy spaces on product domains. It was also proved that the classical product 
Hardy spaces are good substitutes of product Lebesgue spaces when p G (0,1]; see, for 
example, [22, 24, 25, 49, 52]. Recently, the boundedness of singular integrals on product 
Lebesgue spaces was further proved to be useful in solving problems from the several 
complex variables by Nagel and Stein [43]. 

On the other hand, to establish the boundedness of operators on Hardy spaces, one 
usually appeals to the atomic decomposition characterization, see [8, 14, 16, 24, 27, 40, 57], 
which means that a function or distribution in Hardy spaces can be represented as a linear 
combination of functions of an elementary form, namely, atoms. Then, the boundedness 
of operators on Hardy spaces can be deduced from their behavior on atoms or molecules 
in principle. However, caution needs to be taken due to an example constructed in [4, 
Theorem 2]. There exists a linear functional defined on a dense subspace of i7 1 (M n ), which 
maps all (1, oo, 0)-atoms into bounded scalars, but yet it does not extend to a bounded 
linear functional on the whole // 1 (]R ri ). This implies that the uniform boundedness of a 
linear operator T on atoms does not automatically guarantee the boundedness of T from 
H l (R n ) to a Banach space B. 

Recently, there was a flurry of activity addressing the problem of boundedness of 
operators on H p (R n ) via atomic decompositions in addition to older contributions; see 
[29, 40, 41, 57, 61] and the references therein. Let p G (0,1], q G [1, oo] n (p, oo] and 
s be an integer no less than \n{l/p — 1)J, where and in what follows, [-J denotes the 
floor function. Using the Lusin-area function characterization of classical Hardy spaces, 
it was proved in [64] that if a sublinear operator T maps all smooth (p, 2, s)-atoms into 
uniformly bounded elements of a quasi-Banach space £>, then T uniquely extends to a 
bounded sublinear operator from H p (R n ) to B. This result was generalized to the clas- 
sical product Hardy spaces in [11]. At the same time, Meda, Sjogren and Vallarino [39] 
independently obtained a related result using the grand maximal function characterization 
of H p (M n ). Precisely, they proved that the norm of H p (R n ) can be reached on some dense 
subspaces of H p (M. n ) via finite combinations of (p, q, s)-atoms when q < oo and continuous 
(p, oo, s)-atoms. Their result immediately implies that if T is a linear operator and maps 
all (p, q, s)-atoms with q < oo or all continuous (p, oo, s)-atoms into uniformly bounded 
elements of a Banach space B, then T uniquely extends to a bounded linear operator 
from H p (M. n ) to B. This result was further generalized to the weighted anisotropic Hardy 
spaces in [6] and the Hardy spaces on spaces of homogeneous type enjoying the reverse 
doubling property in [32] when p < 1 and near to 1. Very recently, Ricci and Verdera 
[45] showed that if p G (0, 1), then the uniform boundedness of a linear operator T on all 
(p, oo, s)-atoms does guarantee the boundedness of T from H p (M. n ) to a Banach space B. 

In this paper, we always let A\ and A2 be expansive dilations, respectively, on W 1 
and M m . Let A = (A±, A2) and A P {A) be the class of product Muckenhoupt weights 
on R n x W 71 for p G (1, 00]. When p G (1, 00) and w G A P (A), we characterize the 
anisotropic weighted Lebesgue space L£,(lR n x M m ) via the anisotropic Lusin-area function 
associated with expansive dilations. For p £ (0, 1] and w G Aoo(A) and admissible triplet 
(p, q, s) w (see Definition 4.2 below), we introduce the weighted anisotropic product Hardy 
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space H%,(R n x R m ; A), the atomic one H% q '*(R n xM ra ;i) and the finite atomic one 
fin x A), respectively, via the anisotropic Lusin-area function, (p, q, s) w -atoms 
and finite linear combinations of (p, q, s)^-atoms. We then prove that Hw(R n x R m ;A) 
coincides with fl£' ,,? (R n x R rn ; A), that H%]£(R n x R m ; A) is dense in H^(R n x R rn ; A) 
and that both the quasi-norms || • \\ H P( R n xRm .X) and II " \\h p ' g ? (K™xR m ; A) with * being 

sufficiently large are equivalent on %^{R n x M m ; A). As an application, we prove that 
if T is a sublinear operator and maps all (p, q, s)^-atoms into uniformly bounded elements 
of a quasi-Banach space £>, then T uniquely extends to a bounded sublinear operator from 
Hw(R n x R m ; A) to B. 

We point out that the setting in this paper includes the classical isotropic product Hardy 
space theory of Gundy and Stein [34] and Chang and Fefferman [12, 13], the parabolic 
product Hardy space theory of Sato [48, 49] and the weighted product Hardy space theory 
of Fefferman [25], Krug [37] and Zhu [65]. Most results of this paper are new even in the 
unweighted setting. They also improve the corresponding results on the isotropic weighted 
product Hardy spaces in [25], [37], and [65]. The paper is organized as follows. 

In Section 2, we recall some notation and definitions concerning expansive dilations, 
Muckenhoupt weights and maximal functions, whose basic properties are also presented. 
Moreover, we establish discrete Calderon reproducing formulae (see Proposition 2.5 below) 
associated to the product expansive dilations for distributions vanishing weakly at infinity, 
which were introduced by Folland and Stein [27] on homogeneous groups. These Calderon 
reproducing formulae are crucial tools for this paper. Another key tool used in this paper 
are the dyadic cubes of Christ [15], which substitute the role played by dilated balls and 
cubes in [3, 4, 5], and are used in deriving the atomic decomposition of product Hardy 
spaces via the Lusin-area function. Here we point out that a subtle relation between the 
dyadic cubes of Christ [15] and dilated balls associated to expansive dilations is established 
in Lemma 2.1(iv) according to the levels of dyadic cubes. This relation and the concept 
of the level of dyadic cubes play an important role in the whole paper, especially in the 
choice of dyadic rectangles of R n x R m ; see (4.1) and (5.4) below. 

In Section 3, for p G (1, oo) and w G A P (A) (resp. w G A P (A)), with the aid of the 
theory of one-parameter vector-valued C alder on- Zygmund operators, we characterize the 
anisotropic weighted Lebesgue space Lw(R n x R m ) (resp. Lw(R n )) via the anisotropic 
Lusin-area function associated with expansive dilations A (resp. A); see Theorem 3.1 and 
Theorem 3.2 below. 

In Section 4, let p G (0, 1], w G Aoo(A) and (p, q, s) w be admissible. We introduce 
the Hardy space H^(R n xR m ; A) and the atomic one H% q ' g (R n x R m ; A), respectively, 
via the Lusin-area function and (p, q, s^-atoms. Using some ideas from [12, 13, 25, 65] 
and the Calderon reproducing formulae established in Proposition 2.5, we prove that 
H%,(R n x E m ; 1) coincides with H% q ' g (R n x R m ; A); see Theorem 4.1 below. We point 
out that since we are working on weighted anisotropic product Hardy spaces, when we 
decompose a distribution into a sum of atoms, the dual method for estimating norms of 
atoms in [12] does not work any more in the current setting. Instead, we invoke a method 
from Fefferman [25] with more subtle estimates involving rescaling techniques specific to 
the anisotropic setting. We also notice that a variant of Journe's covering lemma for 



4 



M. Bownik, B. Li, D. Yang and Y. Zhou 



expansive dilations established in Lemma 4.4 is crucial to the proof of the imbedding 
of H% q ' g (R n x R m ; A) into H^(R n x R m ; A). In fact, Lemma 4.4 plays an important 
role in obtaining the boundedness of operators on H^(R n x R m ; A). In particular, using 
Lemma 4.4, we obtain the boundedness of the anisotropic grand maximal function from 
H^(R n x R m ; A) to L£,(K n x R m ); see Proposition 4.1 below. 

In Section 5, we introduce H^ q ^(R n x R m ; A) to be the set of all finite combina- 
tions of (p, q, s^-atoms. Via the Lusin-area function together with the Calderon re- 
producing formula and by using ideas from [39], we prove that H^ q ^(R n x R m ; A) is 
dense in Hw(R n x R m ; A) and that the quasi-norm || • m.nxM. m - A) 1S e Q u i va l en t to 
II • W^'^'iR^xR^;!) on ^',fin( K " x A ) witn * bein S sufficiently large; see Theo- 
rem 5.1 below. In fact, by a careful choice of dyadic rectangles in R n x R m (see (5.4) 
below), we first construct some finite (p, q, s)^-atoms and then by a subtle size estimate 
on the complement of the union of chosen rectangles, we prove that the difference between 
the original function and the linear combination of these finite (p, q, s)£,-atoms is still a 
(p, q, s)^-atom multiplied by a small constant. We should point out that while the main 
idea comes from [39], Meda, Sjogren and Vallarino used the grand maximal function char- 
acterization of the classical Hardy space H p (R n ) to obtain the desired estimates instead. 
See also [6] for the weighted anisotropic Hardy space H^(R n ; A). It is not clear if their 
approach [39] also works here, since so far, it is not known whether H^(R n x R m ; A) can 
be characterized via the grand maximal function. Moreover, comparing with the non- 
product case (see [6, 32, 39]), our results require additional assumptions (5.1) and (5.2) 
on vanishing moments of atoms. 

In Section 6, we present applications of Theorem 5.1. If T is a sublinear operator defined 
on %l(R n x R m ; A) and maps all (p, q, s^-atoms into uniformly bounded elements of 
a quasi-Banach space £>, then T uniquely extends to a bounded sublinear operator from 
Hw(R n x R m ; A) to B; see Theorem 6.1 bellow. This result is an extension of [11, Theorem 
1.1]. Using Theorem 6.1 and the Journe's covering lemma, we establish a criteria on the 
boundedness of certain sublinear operators via their behavior on rectangular atoms, which 
extends and complements a result of Fefferman [24, Theorem 1]. 

We mention that there exist many predictable applications of our results in the study of 
boundedness of sublinear operators on the weighted product Hardy spaces. For example, 
in [38], we establish the boundedness on these weighted product Hardy spaces of singular 
integrals appearing in the work of Nagel and Stein [43]. 

We finally make some conventions. Throughout this paper, we always use C to denote 
a positive constant which is independent of the main parameters involved but whose value 
may differ from line to line. Constants with subscripts do not change through the whole 
paper. Denote by N the set {1, 2, • • • } and by Z + the set N U {0}. We use / < g or g > f 
to denote / < Cg, and if / < g < /, we then write / ~ g. Denote by M n (R) the set of all 
real n x n matrices. 

2 Preliminaries 

We begin with the following notation and properties concerning expansive dilations. 
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Definition 2.1. A G M n (R) is said to be an expansive dilation, shortly a dilation, if 
min Aeo .( A ) |A| > 1, where a (A) is the set of all eigenvalues of A. 

If A is diagonalizable over C, we take A_ = min{|A|, A G o-(A)} and A + = max{|A|, A G 
a(A)}. Otherwise, let A_ and A + be two positive numbers such that 

1 < A_ < min{|A|, A G a (A)} < max{|A|, A G a(A)} < A+. 

Throughout the whole paper, for a fixed dilation A, we always let 6 = | detA|. 

It was proved in [3, Lemma 2.2] that for a given dilation A, there exist an open and 
symmetric convex ellipsoid A and r G (1, oo) such that A C rA C AA, and one can 
additionally assume that |A| = 1, where |A| denotes the n-dimensional Lebesgue measure 
of the set A. Throughout the whole paper, we set B k = A k A for k G Z and let a be 
the minimum integer such that 2Bo C A^Bq. Then B k is open, B k C rB k C B k+ i and 
\B k \=b k . Obviously, a > 1. For any subset £ of K n , let £ C = R n \ E. Then it is easy to 
prove (see [3, p. 8]) that for all k, t G Z, we have 

(2.1) B k + B e c 

(2.2) 5 fe + (Z? fc+a ) C C (B k f, 

where E + F denotes the algebraic sums {x + y : x G E, y G F} of sets i?, f C 1" (see 
[3, p. 8]). 

Recall that the homogeneous quasi- norm associated with A was introduced in [3, Def- 
inition 2.3] as follows. 

Definition 2.2. A homogeneous quasi-norm associated with an expansive dilation A is a 
measurable mapping p : W 1 — > [0, oo) satisfy that 

(i) p(x) = if and only if x = 0; 

(ii) p(Ax) = bp(x) for all x G R n ; 

(iii) p(x + y) < H[p(x) + p(y)] for all x, y G M. n , where H is a constant no less than 1. 

In the standard dyadic case A = 2I nxn , p(x) = \x\ n is an example of homogeneous 
quasi-norms associated with A, where and in what follows, I n xn 

always denotes the n x n 

unit matrix and | • | is the Euclidean norm in W 1 . 

Define the step homogeneous quasi-norm p associated with A and A by setting, for 
all x G W 1 , p(x) = b k if x G B k+ \ \ B k or else if x = 0. It was proved that all 
homogeneous quasi-norms associated with a given dilation A are equivalent (see [3, Lemma 
2.4]). Therefore, for a given expansive dilation A, in what follows, for convenience, we 
always use the step homogeneous quasi-norm p. 

For the step homogeneous quasi-norm p, from (2.1) and (2.2), it follows that for all 
x, yeR n , p{x + y) < 6 CT max{p(x), p(y)} < b°[p{x) + p(y)}; see [3, p. 8]. 

The following inequalities concerning A, p and the Euclidean norm | • | established in 
[3, Section 2] are used in the whole paper: There exists a positive constant C such that 

(2.3) C _1 [/9(x)] C - < |x| < C\p{ X yf+ for all p{x) > 1, and 

(2.4) C~ l [p( X yf+ < \x\ < C[p{xYf- for all p(x) < 1, 
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where and in what follows £+ = ln(A + )/ln& and £_ = ln(A_)/ln&, and that 

(2.5) C _ V c -|x| < \A j x\ < Cb> c +\x\ for all j > 0, and 

(2.6) C'W+lxl < \A j x\ < C^' c -|x| for all j<0. 

Moreover, (M n , p, dx) is a space of homogeneous type in the sense of Coifman and Weiss 
[18], where dx is the n-dimensional Lebesgue measure. On such homogeneous spaces, 
Christ [15] provided an analogue of the grid of Euclidean dyadic cubes as follows. 

Lemma 2.1. Let A be a dilation. There exists a collection Q = {Q^ CK": k G Z, a G 
Ik} °f open subsets, where Ik is certain index set, such that 

(i) |R n \ U a Q k \ = for each fixed k and Q k a n Q\ = if a / (5; 

(ii) for any a, (3, k, I with i > k, either Q k a n = or Q £ a C Q^; 

(^mj /or each (£, [3) and each k < I there exists a unique a such that C 

(iv) there exist certain negative integer v and positive integer u such that for allQ^ with 

k G Z and a G Ik, there exists XQk G Q k a satisfying that for any x G Q k a , Xgk + B v k- U C 

Q a Cx + B vk+U . 

In what follows, for convenience, we call k the level of the dyadic cube Q k a with k G Z 
and a £ Ik and denote it by £(Q k t ). Lemma 2.1 can be proved by a slight modification 
of the proof of [15, Theorem 11]. In fact, we only need to choose 5 in the proof of [15, 
Theorem 11] to be b v with v being negative integer. We omit the details. From now on, 
we call {Q a }kez,aei k m Lemma 2.1 dyadic cubes. 

For any locally integrable function /, the Hardy- Littlewood maximal function A4(f) of 
/ is defined by 

M(f)(x)= sup sup / \f(z)\dz, x G M. n . 

k€Zxey+B k Jy+B k 

It was proved in [3, Theorem 3.6] that M. is bounded on L p (M n ) with p G (1, oo] and 
bounded from L 1 (R n ) to L 1 ' 00 (M n ). 

We now recall the weight class of Muckenhoupt associated with A introduced in [5]. 

Definition 2.3. Let p G [1, oo), A a dilation and w a non-negative measurable function 
on W 1 . The function w is said to belong to the weight class of Muckenhoupt A P (A) = 
„4 p (IR n ; A), if there exists a positive constant C such that when p > 1 

sup sup f w(y) dy) {-^ / Hy)}' 1 ^ dyY ' < C, 

x£R n k&L U-Dfcl Jx+B k ) K\ u k\Jx+B k ) 

and when p = 1 

sup sup { — — / w(y) dy 1 < esssup Hy)]" 1 > < C; 
seR™ kei I l-Dfcl Js+B fc J [yex+B k J 

and, the minimal constant C as above is denoted by C Pi A,n{w). 
Define ^(A) = Ui< P <oo 
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It is easy to see that ifl<p<g<oo, then A P (A) C A q (A). 

In what follows, for any non- negative local integrable function w and any Lebesgue 
measurable set E, let w(E) = j E w(x) dx. For p G (0, oo), denote by Lw(R n ) the set of 
all measurable functions f such that 



L£,(R«) 



1/p 

dx < oo, 



and L™(W l ) = L°°(K n ). The space Li!°°(R n ) denotes the sei 0/ a// measurable functions 
f such that 

.1,00 r „„x = supAtt>({x G M n : |/(x)| > A}) < 00. 



A>0 

Moreover, we have the following conclusions. 

Proposition 2.1. (%) //p € [1, 00) and w G A P (A), then there exists a positive constant 
C such that for all x G R" and k, m G Z k <m, 

£f-lfo(m-k)/p < + £> m ) ^ ^,^( m _fc) p _ 



fnj If p & (1, oo), i/ien t/ie Hardy- Littlewood maximal operator A4 is bounded on 
L£,(R ra ) if and only if w G ^(^4); i/p = 1, £/ien is bounded from L^(R n ) to L^ 00 



z/ and only if w G A\ (A) . 

Proposition 2.1 (i) is just [6, Proposition 2. 1 (i)] . The proof of Proposition 2.1(H) is also 
standard; see [56, 29, 31] for more details. 

Let 5(R ra ) be the space of Schwartz functions on W 1 as in [3, p, 11], namely, the space 
of all smooth functions <p satisfying that for all a G (Z+) n and m G Z + , ||<p|| a ,m = 
sup^gjgn [p(x)] m \d a ip(x)\ < 00, where and in what follows, a = (ai,--- ,a n ) and d a = 
(efl)" 1 ' ' ' (Sab)"™- ^ * s eas y *° see <S(^™) forms a locally convex complete metric 
space endowed with the seminorms {|| • || Q , i m }a6p + )",mez + - From (2.3) and (2.4), it 
follows that <S(R n ) coincides with the classical space of Schwartz functions; see [3, p. 11]. 
Moreover, we denote by <S s (R n ) the set of all ip G <S(R n ) satisfying that J Rn ip(x)x' y dx = 
for all 7 G (Z+) n with \j\ < s. Let <Soo(R n ) = n seN S s (R"). 

The following lemma is a slight improvement of [6, Lemma 2.2]. We omit the details. 

Lemma 2.2. Let p G [1, 00] and w G A P (A). Then 

(i) if 1/p + 1/p' = 1, then S(R n ) C l/_ 1/(p _ 1) (R n ); 

(ii) LS,(R™) C iS'(R™) and the inclusion is continuous. 

Lemma 2.3. M(xB k ){x) ~ p^^y for all k G Z and x G R n . 
Proof. Let cr be as in (2.1). If x G Bk+ a , then 

M(xbJ(x) > J^-r > 1 > M( XBk )(x), 
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which together with p(x) < b k yields the desired estimate in this case. 

Assume now that x B^ +CT . Then p(x) > b k . For any y + Bp such that x £ y + Bp and 
(y+B()nBk / 0, assume that zq £ (y+B^DB^. By (2.1), we have x £ ZQ + (y — zo)+Bp C 
B^ -\- Bp + Bp C £?max(£+o-, k)+a- From this and x Bk +(J , it follows that £ + a > k and 
further x £ Bp +2cr , which implies that p(x) < b e . Moreover, by the definition of step 
homogeneous quasi-norm p, there exists s G Z such that x £ B s \ B s -i, thus we obtain 
S s C Bp + 2a and = |B S |. From this, < 6^ and .Bfc C B s , it follows that 

A*(xs fc )(aO = sup sup b~ £ / XB fc («) <fc < — ^ ~ — < M(xbJ(x), 

aSK" zey+B^ J?/+-B £ P( x ) \ ts s\ 

£ + (T>k 

which together with p(x) > b h gives the desired estimate. This finishes the proof of the 
Lemma 2.3. □ 

Let to, n £ N. In what follows, for convenience, we often let n\ = n and n 2 = to. For 
i = 1, 2, let G M ni (R) be a dilation and 6«, B^, pi, m and t>i associated with Ai as 
above. 

For any locally integrable function / on IR n x M. m , the strong maximal function M s (f) 
is defined by setting, for all x £ M. n x R m , 



M s (f)(x) = SUp SUp -j^-j- f 



Idz. 



Obviously, M s (f)(x) < [M (2 \f)] (x) for all x £ W 1 x W 71 and .M, is bounded on 
L p (R n x M m ) for p £ (1, oo], where .M^' denotes the Hardy-Littlewood maximal operator 
on R ni . 

Remark 2.1. By a slight modification of the proof of Lemma 2.3, we also obtain that 
for all k u k 2 G Z and x G K ni x IT 2 , X s (x D (D d ( 2) )(x) ~ flLi "ir^ • We omit the 

B k 1 XB k 2 b^+Piixi) 

details here. 

Now we introduce the weight class of Muckenhoupt on W 1 x M m associated with A\ and 
A 2 , which coincides with the isotropic product weights as in [24] and [50] when A\ = 2I nxn 
and A2 = 2I mxm . Among several equivalent ways of introducing product weights [29, 
Theorem VI. 6. 2] we adopt the following definition. 

Definition 2.4. For i = 1, 2, let Ai be a dilation on W H and A = (A 1 , A 2 ). Let p £ (1, 00) 
and tu be a non- negative measurable function on W 1 x M. m . The function w is said to be 
in the weight class of Muckenhoupt A P {A) = Ap(R n x R m , A), if w(x 1 , •) £ A P {A 2 ) for 
almost everywhere x\ £ W 1 and esssupp a . l6]K nCp ) A2,m{w(xi, •)) < 00, and w(-, x 2 ) £ 
Ap(Ai) for almost everywhere x 2 £ W 71 and esssupp X2eRm C Pt A 1 ,n('w(-, x 2 )) < 00. In 
what follows, let 

C a An m( W ) = maX \ esssu PP C Pj A 2 ,m(w(xi, ■))> eSSSUpp C Pj A u n(w(; X 2 )) \ . 

Define Aoo(A) = Ui <p<00 A p (A). 
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For any w G Aoo (A) , define the critical index of w by 
(2.7) q w = inf{g G (1, oo) : w G A q {A)}. 

Obviously, q w G [1, oo). If q w G (1, oo), then iy «4 gw . and if q w = 1, Johnson and 
Neugebauer [35, p. 254] gave an example of w g" Ai(2I nxn ) such that q w = 1. It is easy 
to see that if 1 < p < q < oo, then A P (A) C A q (A). If w £ A P (A) with p G (1, oo), then 
there exists an e G (0, p — 1] such that w G <A p _ e (^4) by the reverse Holder inequality. 

Throughout the whole paper, for any measurable set E C R n x R m and p G M, we 
always set w p {E) = J E [w(x)] p dx. Moreover, by the definition of A P (A) and Proposition 
2.1, we have the following Proposition. We omit the details. 

Proposition 2.2. Let A be as in Definition 2-4- 

(i) If p G (l,oo] and w G A P (A), there exists a positive constant C such that for all 
x G R n x R m and h, f^Z with h < l i} 



-ki)/p 



(1) 



D 



(2)x 
fa > 



< Cbf 1 - kl)p b { f- k2)p ; 



(ii) If p G (1, oo), w G A P (A) and q G (1, oo] then the strong maximal operator M. s is 
bounded on Lw(R n x R m ) and moreover, there exists a positive constant C such that for 
all {fjjjen C L p w (R n xR m ), 



jen 



1/5 



< c 



Z/fJ, ( 



j'GN 



1/9 



LS,(K™xR m ) 



In fact, the vector- valued inequality (ii) can be obtained simply by iterating the corre- 
sponding vector- valued inequality for the Hardy-Littlewood maximal function in [1]. 

For ai, s 2 G Z+, let «S SljS2 (R n x R m ) be the set of all functions rb G S(R n x R m ) 
satisfying that j Rn ip(xi, x 2 )xj dx\ = for all 7 G | — y | < s\ and X2 G R m , and 

J Rm x 2 )x 2 3 dx 2 = for all (3 G (%+) m , < s 2 and x x G R n . Let <Soo(R n x R m ) = 

n si,S2€N'5 SliS2 (M n X R m ). 

Throughout the whole paper, for a dilation A, we always let A* be its transpose. For 
functions ip on R n , vb on R n x M m and jfe, fci, fc 2 G Z, let ip k (x) = b- k tp(A- k x) for all 



x G R™ and ip kl ,k 2 (x) = b^b^^A^xi, A^ 2 x 2 ) for all x = (xi, x 2 ) G 



fc2, 



Proposition 2.3. (%) Zei <p G S(R n ) anc? f Rn ip(x)dx = 1 
/ G S'(M n ) ), f*<p k ^ f in S{R n ) (or S'(R n ) ) as k ->■ -00. 

fwj Ze£ <^ G <S(M n x M m ) and J Rn Rm <p(x) da; = 1. For any f G <S 

-► / in <S(M n x I 



For any / G S(R n ) (or 
xR m ) (or 



f€S'( 



f*<Pk U h2 



(or S'(R n x R m ) )ash,k 2 ^ -00. 



In fact, Proposition 2.3(i) is just [3, Lemma 3.8]. The proof of Proposition 2.3(h) is 
similar to that of (i). We omit the details. 

We recall from [27] that / G S'(R n ) is said to vanish weakly at infinity if for any 
ip G S(R n ), f *(f k in S'(R n ) as k -► 00. Denote by S'^ w (R n ) the collection of 
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all / G S'(R n ) vanishing weakly at infinity. As pointed out in [27], if / G L p (R n ) with 
p G [1, oo), then / G 5^ 0)t0 (R n ). Similarly, / G S'(R n x E m ) is said to uams/t weaft/y 
at m/imfy if for any ipO) G S(R m ) and p^ G <S(R n ), / * <p klyk2 -> in <S'(R n x R m ) as 
fci, /c2 — ► oo, where tp(x) = p^\xi)(p^ 2 \x2) for all x = {x\, x^) G R n x R m . We also 
denote by 5^ O U) (IR n x R m ) the set of all f G S'(W l x R m ) vanishing weakly at infinity. 
Now we establish the following Calderon reproducing formulae. 

Lemma 2.4. Let A be a dilation on R n and A* its transpose. Let p G <S(R ra ) such that 
supp(J5 is compact and bounded away from the origin and for all £ G R ra \ {0}, 

(2.8) = 1. 

T/ien /or any f G L 2 (R n ), / = £\ £Z / * ^ m L 2 (R n ). T/ie same /10/ds m <S(R n ) or 
<S'(R n ), respectively, for f G <Soo(R n ) or / G S^JR"). 

Proof. We first prove the lemma for / G L 2 (R n ). Define = E je z \(p((A*y^)\ for all 

£ G W l . Obviously, = F(A*£) for all £ G R n , which implies that to show F G L°°(R n ), 
it suffices to consider the values of F on B\ \ B$ , where Bq is the unit ball associated 
with the dilation A*. Let p* be the homogeneous quasi- norm associated with A*. Since 
(p G S(R n ) and <p(0) = 0, we know that < for all £ G R n \££ and |£(£)| < |f | 

for £ G Bf . Thus by (2.6), b > 1 and C- > 0, for any £ G Bf \ BjJ, we have 

(2.9) f(o <X)p*(Wo _1 + E 1 £ E 6_J ' + E^ c ~ £ L 

i>o i<o i>o j<o 

Thus, F G L°°(R n ). By this, the Lebesgue dominated convergence theorem and (2.8), 
for / G L 2 (R n ), we have / = £((A*)'-)/ in L 2 (R»), and thus / = * / in 

L 2 (R n ). 

Now let us prove the lemma for / G <Soo(R n ) (or / G S' oo w (M n )). Set 4> = Y.°° =Q Pj. 
Since ip G <S(R n ) and ¥>j(a;) = b~^(p(A~^x), then is well-defined pointwise on R n . We 
claim that 4> G <S(R n ) and J Rn 4>(x) dx = 1. Assuming the claim for the moment, by 
Proposition 2.3, we have f*4>-N —* f in <S(R") (or 5'(R n )) as A — > 00. On the other hand, 
by Holder's inequality, for / G <Soo(R n ) (or by / G S'^ w (R n )), we obtain that f * 4>n ^ 
in <S(R n ) (or S'(R n )) as A -» 00. Therefore, for / G <Soo(R n ) (or / G S^JR")), we 
have (/ * 4>^n — f * 4>n) — > / in <S(R n ) (or <S'(R n )) as A — > 00. Moreover, observing that 

4>k = Y^oif^k = YljLkVji and tnus YjL-Nfj = - 4>n+i, we obtain the lemma 
for / G S^R") (or /e^ m (K")). 

Let us now prove the above claim. Let G(£) = £~ for all £ G R ra . Then it 

suffices to prove that G G S(R n ), 4> = F~ l G and J M „ 0(x) dx = 1, where denotes the 
inverse Fourier transform. 

Since suppc/? is compact, we may assume that suppy? C B^ for certain ko G Z. Then 
for any j G Z + , we have supp<£>((A*) J -) C B^ a _- C B^ q , which implies that suppG C B^ q . 
To prove G G C°°(R n ), for any a G (Z+) n and £ G R n , set F a (£) = Y. jeZ \d a [p((A*y £)} \. 
Let us now show F a G L°°(R n ). Notice that for all £ G R n , 

F a (A*o = ^ i^^^^oii = e r [£((a*)^)]| = F a (o, 
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which implies that to verify F a G L°°(R ra ), we only need to consider the values of F a on 
B{ \ B* . By (2.19) in [5], ip G S{R n ) and p*(f) ~ 1, we have 

\d a $((A*) j o\ < ^Hd a mA*yo\ < » H<+ ^ylp+wM ~ b ~ j 

when j > 0, and \d a fi((A*y£)\ < when j < 0. From this, b > 1 and C- > 0, 

by (2.6), it follows that F a (0 < Ej^o 67 ' 1 ^" + Ej>o 6_j £ and hence F » G ^°°(^ n )- 
Notice that d a G{£) = Yf =0 d a [(p({A*y £)} for all £ € R n . Thus, G € C°°(R n ). From this 
and suppG C B* kQ , we deduce G £ 5(1"). 

Moreover, by the proof of suppG C B£ o , it is easy to see that YlJLo \fi((A*) j 0\ c B k i 
which together with Holder's inequality and Minkowski's inequality implies that 

( / \ 2 ^ 1/2 

oo „ / oo \ f 

oo , „ \ 1/2 

<^ ,/2 E(/ i£((^*) j oi 2 ^) <^ /2 E^ /2 ^- 



Then by Fubini's theorem, we obtain T 1 G = Yljez*F 1 [ < ?((^* )"'■)] = 4> an d hence, 

<j> e S(R n ). 

Let ei = (1, 0, • • • , 0). Since £ G S(R n ), by (2.8), we obtain 

oo 

/ <i>(x) dx = $(0) = lim ^((^*) fc ei )= lim V (p({A*y +k e{) = V" ^((A*)J'ei) = 1, 

which completes the proof of our claim and hence the proof of Lemma 2.4. □ 

Remark 2.2. From the proof of Lemma 2.4, it is easy to see that if ip G <S(]R n ) and 
£(0) = 0, then = J2 je z for a11 f G ^ n is bounded on R n . 

Using Lemma 2.4, we have the following Calderon reproducing formulae. 

Proposition 2.4. Let s G Z + and A be a dilation on R n . There exist 9, ip G 5(M n ) swc/t 

(%) supp(9 C B , / R „ x~ 1 9{x) dx = for all 7 G {1+) n with | 7 | < s, 0(f) > C > for f 
in certain annulus, where C is a positive constant; 

(ii) supp^ is compact and bounded away from the origin; 

(™ Eje^(( A *yO0((A*yO = 1 for all f G R n \ {0}. 
Then for all f G L 2 (R n ), f = Y je zf* ^3 * °3 in L 2 (R n ). The same holds in S(R n ) or 
S'{R n ), respectively, for any f G <Soo(R n ) or f G S^JET). 

We point out that the existences of such 9 and ip in Proposition 2.4 were proved in 
Theorem 5.8 of [5]. The conclusions of Proposition 2.4 then just follow from Lemma 2.4 
by taking 99 = 9 *ip. Moreover, we also need the following variant on R n x R m of Lemma 
2.4. 
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Lemma 2.5. Let i = 1, 2, Ai be a dilation on R ni and y>W G <S(IR ni ) such that supp^W 
zs compact and bounded away from the origin and for all £j G M ni \ {0} ; (2.8) ZioWs urci/i 
^4 replaced by Ai, ip by ip^ and £ by ^. Set (p(x) = p^ 1 \xi)p^ 2 \x2) for all x = (x\, x<i) G 
R"xl ra Then for any f G L 2 (R n x R m ), f = J2 juheZ f * <p jltj2 in L 2 (R n xR m ). The 
same holds in S{R n x R m ) or S'(R n x R m ), respectively, for any f G <Soo(R n x R m ) or 

/e^jrxr). 

Proof. We first prove the lemma for / G L 2 (IR n x R m ). For ip = ipW(p( 2 \ by (2.9), we 
obtain that for all £ = (£ 1; £ 2 ) g M n x 



T>m 



F(o= £ ^((Ajpfi, (^)^ 2 ) = E^ {1) ((^) Ji ei)E^ {2) ((^) J2 e2) 

is bounded on IR n x R m . Then from this and the fact that J2j u j 2 eZ ^((^1)^6, { A l) h &) = 
1 for any £ G (M n x R m ) \ {(0, 0)}, similarly to Lemma 2.4, we deduce the desired formula 
for / G L 2 (R n x R m ). 

For / G 5oo(M n x R m ) or / G S'^ tW {R n x R m ), observing that in the proof of Lemma 
2.4, we have shown that <f>^ = Sj° = o <Pj £ 5(M ni ) and cj)(xi)dxi = 1 for z = 1, 2, 
which imply that = (f)^(f>^ G <S(M n x R m ) and J R „ xRm </>(x) = 1. Then, similarly 
to the proof of Lemma 2.4, we obtain the desired formulae, which completes the proof of 
Lemma 2.5. □ 

By Lemma 2.5, we have the following proposition. 

Proposition 2.5. Let Si G Z + and Ai be a dilation on R nt for i = 1, 2. Suppose that 
ifji' 1 ) g 5(R ni ) satisfy conditions (i) through (Hi) of Proposition 2.4 on R ni . Set 
0(0 = # (1) (6)# (2) (6) and V>(0 = ^ (1) (W (2) (6) /or a// f = (6, 6) G ^ n x M m . T/ien 
/or any f G L 2 (K n x R m ), f = J2 juheZ f * ij> jltj2 * juj2 in L 2 (R n xR m ). The same 
holds in S(R n x R m ) or S'(R n x R m ), respectively, for any f G S^R 11 x R m ) or f G 
5^(R n xR m ). 

3 Weighted anisotropic Littlewood-Paley theory 

We begin with the one parameter Lusin-area function. 

Definition 3.1. Let ibea dilation on R n . Suppose <p G S(R n ) such that ip(0) = 0. For 
all / G 5'(IR n ) and x G R n , define the anisotropic Lusin-area function of / by 



s< P (f)W = \T, b ~ k f \f*^(x-y)\ 2 dy) 

Uez jBk J 
By the Plancherel formula and Remark 2.2, we have 

(3.1) ||^(/)||i 2(Rn) =J2 b ~ k [ I \f*Vk{x-y)?dxdy 



1/2 
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E / \m\ 2 \m)\ 2 dt < \\f\\h {Rn) < \\f\\h iRn) , 



fcez' 

which implies that Sm is bounded on L 2 (R n ). Moreover, we have the following theorem. 

Theorem 3.1. Let A be a dilation on R n , p G (1, oo) ; w G A P (A), and 9, ip be as in 
Proposition 2.4- Suppose if = 9 or ip. Then f G L^,(R n ) if and only if f G S'^ w (R n ) and 
S v {f) G L p w (R n ). Moreover, for all f G L p w (R n ), ||/|| L , (ffi n) ~ ||^(/)|| L , (R n). 

The proof of Theorem 3.1 will be given later. Similarly, we can introduce the product 
Lusin-area function as follows. 

Definition 3.2. Let A { be a dilation on R n » and ip^ G S(R n ') with y?M (0) = for i = 1, 2. 

Set ip(x) = ^ 1 \x l )^ 2 \x 2 ) for all x = (x lt x 2 ) G R n x R m . For all / G «S'(R n x R m ) and 
x G R n x R m , define the anisotropic product Lusin-area function of / by 

1/2 



E b i klb 2 k2 (2) W kl M*f^-y)\ 2 dy 



fci,fc 2 ez fci fc2 



> 



Then by the Plancherel formula and Remark 2.2, similarly to (3.1), we know that is 
bounded on L 2 (R n x R m ). Moreover, we have the following product version of Theorem 
3.1 which will be proved later. 

Theorem 3.2. Let Ai be a dilation on R ni for i = 1, 2, p G (1, oo), w G A P {A) and 
9, ip be as in Proposition 2.5. Suppose (p = 9 or ip. Then f G L P v (R n x R m ) if and only 
if f G S^ i?i ,(R n x R m ) and S v (f) G L£,(R n x R m ). Moreover, for all f G Ll(R n x R m ) ; 

H/llLS,(IR«xIR m ) ~ \\S(p{f)\\ir,(MPxR™)- 

Remark 3.1. For convenience, we can also rewrite S lf (f) as 

where T(x) = {(y, t) : y G x + B^ x B^, i = (h, t 2 ) G R 2 } and a is the integer counting 
measure on R, i. e., for all ficK, c(-S) is the number of integers contained in E. 

Theorems 3.1 and 3.2 will be proved by viewing the Lusin-area function as the vector- 
valued C alder on- Zygmund operator and applying a duality argument. In fact, we will 
verify that the kernel of Lusin-area function satisfies the standard conditions of vector- 
valued C alder on- Zygmund operator, and then we will apply a well-known result on the 
boundedness of vector- valued Calderon-Zygmund operator in L P u (R n ) withp G (1, oo), see 
Proposition 3.1. 

To this end, we first recall the theory of vector-valued Calderon-Zygmund operator. 
Let B be a complex Banach space with norm || • ||g and B* its dual space with norm || • ■ 
A function / : R n — > B is called ^-measurable, if there exists a measurable subset $7 of 
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R n such that \R n \ Q\ = 0, the values of / on are contained in some separable subspace 
Bq of B, and for every u* G B*, the complex valued map x — > (u*, /(x)) is measurable. 
From this definition and theorem in [62, p. 131], it follows that the function x —> 
on W 1 is measurable. For Banach spaces B\, 232> define by L(Bi, B2) the space of all the 
bounded linear operators from B\ to £>2- 

For all p G (0, 00], define by L p (M n , 23) the space of all B- measurable functions / on 
W 1 satisfying 

II/IIlp(R",S) = \ \\f(x)\\ P B dx\ <oo 

(.JR n J 

with a usual modification made when p = 00. Define by L£°(lR n , 23) the space of / G 
L°°(R ra , 23) with compact support. 

The proof of the following proposition is presented in Appendix at the end of the paper. 

Proposition 3.1. Let A be a dilation on W 1 , and B\ and B2 be Banach spaces. Assume 
that T is a linear operator bounded from L 2 (R n , B\) to L 2 (M n , £32). Moreover, assume 
that there exists a continuous vector-valued function /C: W 1 \ {0} — > L(B\, 23 2 ) such that 
for all f G L™(R n , B x ) and x £ supp/, 



T{f)(x)= [ K{x-y)f(y)dy. 



If there exist positive constants C and e such that for all y G W 1 \ {0}, 

C 



(3-2) ||/C(y)|| L(Bl , B2) 



< 



p(vV 

and for all x, y G W l \ {0} with p(x - y) < b~ 2a p{y), 

,p(x-y) e 



(3-3) \\ic(y)-^)\\HB 1 , Ba )<c , - p{ij)jL _ i . 

then for all p G (1, 00) and w G A P (A), T is bounded from L^(M n , B\) to Lw(R n , B2). 

Now we turn to the proofs of Theorems 3.1 and 3.2. 

Proof of Theorem 3.1. Let / G L v w (^L n ). By Lemma 2.2, / G S'(R n ). To show that / 
vanishes weakly at infinity, for any (p G 5(M n ) and k G Z+, by Holder's inequality, we 
obtain |(/, tp k )\ < ( M ») H^fcH^y rR „ v Moreover, by the definition of A P (A) and 

Proposition 2. 1 (i) , we have that for j G Z + , 
„,-i/(p-i)i 



\B j ) = [ Hx)]- 1 /^- 1 ) dx < H^or^^i^r' < 

From this and ip G <S(M n ), it follows that 

/ \p k {x)f[w{x)]- l ^- l Ux 
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oo . 

< b- kp 'w- 1 /^- 1 ) (B k ) + b- kp ' / [b- k p{x)]- p ' dx 

j=k J B J + A B 3 



< J^6-J'p' lt ,- 1 /(p-i)(B j ) < J^ft-i/[p(p-i)l < b -fc/b»Cp-i)] 5 

which implies that / vanishes weakly at infinity and hence, / G 5^ U) (R n ). 
We now prove the boundedness of S v on LS,(M n ) with p G (1, oo). Let 

W = {F = {fk}kez '■ fk is a measurable function on Bk for any fc G Z and ||-F||?^ < oo}, 

where ||F||^ = {^2 keIi b~ k J B \fk{y)\ 2 dy} 1 / 2 . Obviously, W is a Hilbert space. For all 
{0}, set K{x) = {(p k (x -z): k G Z, z G B k } G L(C, ft), and for all / G L?°(M n ) 
and x supp/, define T : L£°(IR n ) -► W by 

T(f)(x) = [ K{x- y)f(y) dy = {<p k * f(x - z) : z G B k , k G Z}. 

Then ||T(/)(x)||^ = S v (f)(x) for all x G K n . From this and (3.1), T is bounded from 
L 2 (M. n ) to L 2 (R n , H). To obtain the boundedness of S v on L£,(R n ), it suffices to prove K 
satisfies (3.2) and (3.3). 

To see (3.2), for z G B k and y G K n \ {0}, let j G Z such that p(y) = b>° . By 
Definition 2.2(iii), p(y) < b a [p(z) + p(y — z)\ < b a [b k + p(y — z)], which implies that 
V°~ k < 1 + b- k p{y - z). Then for all y G W l \ {0}, we obtain 

\\K{y)\\ 2 L{c , H) = \\Wk{y - OHezllw = Y. b ~ k I \Mv ~ z )\ 2 dz 

< y b -k f — J^l — dz<y & -2* 6 -4(?o-fc) + y 6-2* 
<&- 2j0 ~[p(y)]- 2 - 

which gives (3.2). 

To show (3.3), let y, x G W 1 with y ^ and p(x — y) < b~ 2e7 p(y). Without loss of 
generality, we may assume that p(x — y) = b>° and p{y) = 6 ?0+J,1+2cr for certain jo G Z and 
ji G Z+. Write 

||/C(x) -/C(j/)||i (C)W ) 

= l|{Vfc(j/ - •) - {¥>fc(z - -)}k&\\n 

= Y j b- 3k f \v(A- k (y-z))-^{A~ k {x-z))\ 2 dz 
k& 

<E r3fe / SU P \V<p(A- k (y-z-0)\ 2 \A- k (x-y)\ 2 dz 
kez jBk ^ eB n 



< 



E + E + E 

L &<jo jo<fe<jo+ji jo+ji<k 



L-3k 
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x / S np[l + p(A~ k (y-z-OT 4 \A~ k (x-y)\ 2 dz = l 1 + h + h- 

To estimate Ii, since p(A~ k (x — y)) = b>°~ k > 1 for k < jo, by (2.3), we obtain 
(3.4) \A~ k (x -y)\< [p(A- k (x - y))]<+ = &<+C*>-*). 

Observing that for y G B^ )+ji+2(7 , z G B k , j\ > 0, j > k and £ G B jo , by (2.1) and 
(2.2), we have A~ k (y B%_ k+h+2(y + B + £ jo _ fe C £° _ fe+jl+CT , which impli 



that p(A- fe (y - z - 0) > V '^ 1 ^. From this, (3.4), C+ < 1, p(x - y) = V° and 
p( y ) = yjo+ji+zv^ ^ follows that 

Tl < V ? ) - 2fe ? ) - 4 Oo-fc+ji)i ) 2C + Oo-fc) < h -2jo-*h < ~ X )J 2 

~ ~ lp(y)] 4 



k<jo 



To estimate I2, since p(A k (y — x)) = W° k < 1 for k > jo, by (2.4), we obtain 
(3.5) \A~ k (x - y)\ < [p(A- k (x - y))]<~ ~ b^~ k \ 

Moreover, observing that for j < k < j + ji, y G B^ 0+jl+2er , z G B k , £ G B J0 and ji > 0, 
by (2.1) and (2.2), we still have that p(A- k (y - z - £)) > yo-fc+ii-Hr. From this, (3.5), 
p(x -y) = V and p(y) = b ji,+jl+2a , it follows that 



Io< V h- 2 k b -4(jo-k+ji)l2C-tio-k) < J,-20"o+Ji)/,-2C-Ji < 
jo<fc<jo+ji 



[p(y - a:)] 



2C- 



[p(y)]2(l + C-) 

To estimate I 3 , by (3.5), p(x - y) = p(y) = b jo+jl+2a and ji > 0, we have 

[p(y - x)] 2 (- 



I„ < V h- 2k b 2(jo ~ kK - < 6-2(jo+jk-2M- < 
&>jo+ji 



[p(y )]2(l + C-) 



Combining the estimates of Ii, I2 and I3, finishes the proof of (3.3). Thus, by Proposition 
3.1, we obtain the boundedness of S v on Lw(R n ) for p G (1, 00). 

Conversely, let / G 5^ jW (M n ) and S^f) G L£,(M n ) with p G (1, 00). Set 9{x) = 6{-x) 

for all x G K n . For any'/i G S(R n ) with ||/t|| rP / m . < 1, by Proposition 2.4, the 

l w -p'/p {R > 

boundedness of S-x on Lw(R n ) with p G (1, 00) and Holder's inequality, we have 



</. ft) 1 



fc / / / * i/> k (x)h * k (x) dy dx 

— 'x+B k 



/ Z~2 b k / f * tpk(x)h * k (x) dx dy 
■J^ n k& Jy+B k 
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^ / (E 6 ^ / \f*Mx)\ 2 dx) fj2 
n Uez • y 2'+^ J Uez 

< l|5'v(/)llLS,(M' l )ll' S 'e( /l )ll L P 

II^(/)IIls,(r"), 



1/2 



-p'/p 



6- fe / |/i*fl fc (:r)| 2 cfe 

z 

~ II 5 'v(/)IIls,(m«)I 



■p'/p 



which together with the density of 5(E n ) in Z/_ p//p (IR n ) and (1/ _ p//p (M n ))* = L£,(M n ) 
implies that / G L?,(R n ) and ||/|| L p (M n) < ||^(/)|| l p. Similarly, for / G <S^,JM n ) and 
5 e (/) € LS,(R"), we have / G L p w (R n ) and ||/|| l p (k „ } < ||^(/)|| l p . This finishes the proof 
of Theorem 3.1. □ 



Proof of Theorem 3.2. We shall only prove that Sm is bounded on L 



v mn 



). This is 



because the proofs of the other conclusions are similar to those of Theorem 3.1. 

Let Hi be the space H as in the proof of Theorem 3.1 with B k and b replaced, 

(i) 

respectively, by B k ' and bi with i = 1, 2. Let Hi <S> H2 be the set of all sequences 



F = {fk 1 ,k 2 }k 1 ,k 2 ez such that each f klM is measurable on x B^J and 



,(2) 



\ F \\Hi®H 2 = ' 



E E b ^ k2 



.(2) ./ R (l) 
fe 2 



, \fk u k 2 (yi, V2)\ 2 dy 1 dy 2 



1/2 



< J> 2 " fc2 [ \\f. M (; V2)\\ 2 mdy2 \ 

k 2 eZ jB k 2 J 



1/2 



The last equation is the consequence of the fact that H\ <S> H2 can be thought of as a 
collection of measurable 7Yi-valued functions {/.,jfc 2 (-, V2)}k 2 ez defined almost everywhere 

(2) 

for ?/ 2 G B£ ■ Clearly, H u H 2 , Hi®H 2 are Hilbert spaces. Here and in what follows, we 
always let 

fki *i fl^i, ^2) = / rfAari - yi)g(yi, x 2 ) dyi 

JR n i 



and 



(2) / \ 

<Pk 2 *2 9{xi,x 2 ) 



(2) 

<Pk 2 ( X2 -^2)5(^1, V2)dy 2 . 



For any x 2 G R n ' 2 \ {0}, define /C( 2 )(x 2 ) : Hi^>Hi®H 2 by tensoring 

K (2) (Z2) = {<p%>(x 2 - Z2) : k 2 G Z, z 2 G 

As in the proof of Theorem 3.1, we know that IC^ satisfies (3.2) and (3.3) with Bi = Hi 
and B 2 = H X ®H2. Moreover, for any F(-) = {F kl (y u ■) : y x G B ( ^} kl& G L~(R m , Hi), 
define 

T(F)(x 2 ) = /C< 2 > * 2 F(x 2 ) = {(<P { £ * 2 F)(x 2 - y 2 ) : y 2 G B®, fe 2 G z} 

= {(^ * 2 F kl )( yi , x 2 - y 2 ) : yi G B^, y 2 G , fc 2 G z| . 
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Denote by T 2 the Fourier transform on the second variable. By the Plancherel formula 
and Remark 2.2, we have 



|T(F)" 2 



L 2 (R m ,Hi«)-H2) 



/ E E b i klb 2 k2 1 m / m ^5 * 2 ( yi > X2 ~ m ^ 2 dyi dm dx2 

E b i kl I m l E (^)\ 2 \^F kl ( yi , 6)1^2^1 

I E b i kl f m E \( F ki(Vi> y2))?d yi dy 2 < \\F\\ 2 L2{Rrnni y 



Therefore by Proposition 3.1, for any p G (1, oo) and w G A P (A 2 ), T is bounded from 
Ll (R m , Hi) to L p w (^ m , Hi ® H 2 ). 

Let / G L~(R n x M. m ). For any x x G R n and x 2 G M m , set 

F Xl (x 2 ) = {(^ *i /)(xi - Vl , x 2 ) : Vl G b£>, h G z} G Hi- 

Then F Xl G L™(M. m , Hi) and we have 

T(F Xl )(x 2 ) = {(<p kl ,k2 * F){xi - j/i, x 2 - y 2 ) : yi G sj', fci G Z, y 2 G b£\ k 2 G z| , 

and S v (f)(xi, x 2 ) = \\ / T(F Xl )(x 2 )\\fi ll ^fi 2 . Recall that by Definition 2.4, for almost all 
x\ (or x 2 ), w(x±, •) G „4 p (yl 2 ) (or w(-, x 2 ) G *4 p (Ai)) and the weighted constants are 
uniformly bounded. Then, by Theorem 3.1 for S (i), we have 

II<V/)IIIp (K „ xRm) = / W \\T{F xl )(x 2 )\\^ H w(x 1 ,x 2 )dx 2 \dx l 
^ / / ll-FxiO^H^wfai, x 2 )dx 2 dxi 

[^(1) (/(') X 2))(xi)] P w(xi, X 2 )dXl^ dx 2 < ll/H^P ( E n xR m)l 

which completes the proof of Theorem 3.2. □ 

4 Weighted anisotropic product Hardy spaces 

We begin with the notion of weighted anisotropic product Hardy spaces. 

Definition 4.1. Let p G (0, 1], w G Aoo(A) and q w be as in (2.7), tp be as in Proposition 
2.5. Define the weighted anisotropic product Hardy space by 

Hw(M. n x R m ; A)={f G «S^ 0jtu (R ri x M m ) : 

l_ff£(IR™xIR'™; J 4) = H'S'V'(/)llLS,(]R n xR m ) < °°}- 
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Notice that if p € (q w , oo), where q w is as in (2.7), then by Theorem 3.2, we obtain 
H^(R n x R m ; A) = L^(R n x R m ) with equivalent norms. If p G (1, q w ], the element of 
H^(R n x R m ; A) may be a distribution, and hence, tf£(M n x R m ; A) / L£,(R n x R m ); see 
[56, p. 86] for one parameter case. For applications considered in this paper, we concentrate 
only on H%(R n xl m ;I) with p G (0, 1]. 

To define atomic Hardy spaces, we introduce the following notation and notions. Let 
Ai be a dilation on R ni , and £(Qi), V{, U{ be the same as in Lemma 2.1 corresponding 
to Ai for i = l,2. Let 7^ = Q (1) x Q( 2 \ For R G 72, we always write R = R 1 x R 2 with 
Ri G Q (i) and call R dyadic rectangle. For (fci, fc 2 ) G Z x Z, define 72- fcl)fe2 = {i? G 72. : 
= fei, £(7? 2 ) = fc 2 }. For R G 72, let 

(4.1) i?+ = {(y, t): yeR, t = (h, t 2 ) G M 2 , tj ~ v l l{R l ) + u h i = 1, 2}, 
where and in what follows, ti ~ Vil(Ri) + U{ always means 

(4.2) Vi£(Ri) + u i + a i <t i < Vi {l(Ri) + m + a i} 

and <jj is as in (2.1) and (2.2) associated with Ai for i = 1, 2. Note that the inequality 

(4.2) is seemingly reversed since Uj's are negative. 

Assume that Q is an open set of R n x R m . A dyadic rectangle R C SI is said to be 
maximal in Q if for any rectangle S C SI satisfying that R C S, then S = R. Denote by 
m(f2) the family of all maximal dyadic rectangles contained in Q. We choose a positive 
integer c > 2 such that b^ C(,Ul b~ c ° U2 < {b^ 2ui b 2 2 " 2 /2) and set 

(4.3) f) = {xGM n xM m , M s (xn)(x) > bp"* 1 ftp" 2 }. 

Definition 4.2. Let u> G Ax, (A) and q w be as in (2.7). The triplet (p, q, s) w is said to 
be admissible if p G (0, 1], g G [2, oo) n ((7™, oo) and Sj > |_(^f — l)C r -J 5 where (i,- is 
defined as in (2.3), i = 1, 2. 

A function a is said to be a (p, g, s) w -atom associated to an open set SI of W 1 x M m 
with w(Q) < oo if 

(I) a can be written as a = YliR &m (n) aR m <5'(^ n x R m ), where cir satisfies that 

(i) a R is supported on R" = R'{ x R%, where R- = x Ri + ^ ) ( £ ( i? .)_i )+u . +3(7 . for 
i = l, 2. 

(ii) J Rn or(xi, x 2 )xf ctei = for all \a\ < s\ and almost all x 2 G R m , and 
J Rm or(xi, x 2 )x 2 dx2 = for all \/3\ < s 2 and almost all x\ G M n . 

Here aR is called a particle associated with the rectangle R. 

(II) \\a\\ LURnxRm) < [ W (m 1/q - 1/p and £ R6m(S) |M|«<, (Mm) < [«,(n)]Wi\ 

Definition 4.3. Let p £ (0, 1], w 6 Aoq(A) and q w be as in (2.7) and (p, q, s) w be an ad- 
missible triplet. The weighted atomic anisotropic product Hardy space Hw ,q,s (R n x R m ; A) 
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is denned to be the collection of all / € S'(R n x R m ) of the form / = EjeN A i a i 
in <S'(IR n x R m ), where X^gnI'\?I P < 00 an< ^ { a iljeN are (p, q, s^^-atoms. For / in 
H% q ' g (R n x R m ; A), the norm / on H% q '°(R n x R m ; A) is defined by 

H-f Hff£' 9 ' ir (R"xR'";.l) = 

where the infimum is taken over all the above decompositions of /. 

Remark 4.1. a) We remark here that the restriction q € [2, 00) in Definition 4.2 seems 
reasonable, since we use the Lusin-area function to introduce Hw(R n x R m ; A). More- 
over, from the known result on classical product Hardy spaces, we know that {sj}j = i 5 2 in 
Definition 4.2 are best possible. 

b) Notice that if (p, q, s) w and (p, r, t) w are admissible, q < r and Sj < t{ for i = 

1, 2, then a (p, r, Fl^-atom is a (p, q, s^-atom. Thus, the space Hw T,t (R n x R m ) C 
H% q ' g (R n xR m ; A). 

The main result of this section is as follows. 

Theorem 4.1. Let w G ^00(^4) and q w be as in (2.7). If (p, q, s) w is an admissible 
triplet, then H^(R n xR m ; A)= H% q ' g (R n x l m ; A) with equivalent norms. 

From Theorem 4.1, we immediately deduce that the definition of the Hardy space 
Hw(R n x R m ; A) in Definition 4.1 is independent of the choice of ip as in Proposition 2.5. 

Since this proof of Theorem 4.1 is quite complicated, we will use several lemmas. 
Precisely, by choosing Sj such that Sj > [(q w /p— 1)0, —J an d (si+l)d- > 1 for i = 1, 2, we 
first prove in Lemma 4.1 bellow that H^(R n x8 m ;I)c H%J 9 ' g (R n x R m ; A). Conversely, 
for all admissible (p, q, s) w , in Lemma 4.3, we prove 

[HP; q ' g (R n x R m ; A) nS'^jR* 1 )} C HP(R n x R m ; A) 

by using Journe covering lemma established in Lemma 4.4 below, and in Lemma 4.5, we 
further show that H% q ' g (R n x R m ; A) C 5^ iW (IR n ). Combing Lemmas 4.1, 4.3, 4.4 and 
Remark 4.1 b), then finishes the proof of Theorem 4.1. 

Lemma 4.1. Let w £ -Aqc,^) and q w be as in (2.7). // (p, q, s) w is an admissible 
triplet and (si + l)Ci,- > 1 for i = 1, 2, then there exists a positive constant C such that 

Proof. To prove this lemma, we borrow some ideas from Fefferman [23, 25]. The whole 
proof is divided into 8 steps. In Step 1, we use the Calderon reproducing formula from 
Proposition 2.5 to decompose / into a sum of functions {cr}r essentially supported in 
rectangles and recombine these functions (according to the size of the intersection between 
their corresponding rectangles and the level sets of the Lusin-area function) to obtain the 
particles {ap}p and atoms {ak}k', see (4.6), (4.7) and (4.8). In Step 2 through Step 5, 
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we show that {cik}k are (p, q, s)„,-atoms. The crucial step is to estimate the size of these 
atoms in Step 3. Here we use the method from Fcffcrman [25] instead of the dual method 
used in [12] via a subtle inequality (4.10). Step 6 through Step 8 is devoted to proving 
the inequality (4.10), which when n = m = 1 was established in [13, 25]. To obtain (4.10) 
here, in Step 6, we conclude its proof to the proofs of the inequalities (4.17) and (4.18), 
which are given, respectively, in Step 7 and Step 8. To prove (4.17), a main technique used 
here is to scale the longer sides of considered rectangles to 1 via the anisotropic dilation 
invariance of the Lebesgue measure so that we can obtain a desired decreasing factor; see 
\£(Ri) - £(Pi)\ m (4.17). 

We now start to prove Lemma 4.1 by letting ip be as in Proposition 2.5 and / G 
#£(R n x R m ; A). 

Step 1. Decompose / by the Calderon reproducing formula. 

For keZ, set n k = {x G W l x R m : S,p(f)(x) > 2 k ] and 

TZk = {R G TZ : \R n fi fc | > \R\/2, \R n n fc+ i| < \R\/2}. 
Then for each R = R\ x R 2 G TZ, there exists a unique k G Z such that R G TZk- Thus, 
(4.4) [JR= |J |J R=(J (J R. 

Moreover, for all R G TZk and all x G R, by Lemma 2.1(iv), we obtain 

M 'b a JW * ^w+^w^ ./' ; . /; : xB ( 2 )_ 



\ l,-2u lh -2u 2 l^fc j~j -ffi ^ z.-co«i l— co«2 
— w l °2 > °l °2 ' 

which implies that 

(4.5) |J Rcn k , 

ReK k 

where 0,k is as in (4.3). 

Let 0« and be as in Proposition 2.4 such that each has the vanishing moments 
up to degree s 3 = 2max(si,s 2 ) + 1, where > \_{q w /p - 1)C^-J an d ( s i + 1)C», — > 1> 
i = 1, 2. Set 9 = 6^6^ and V = ^ (1 V (2) - Then by Proposition 2.5, Lemma 2.1(i) and 
(4.4), for all x G M. n x M. m , we have 

f( x )= Yl d k 1 ,k 2 *^k 1 ,k 2 * fix) 

ki,k 2 £Z 



= Y] Y 6 mi ,m 2 (x -y)^ mum2 * f{y)dy 

m2~«2 fc 2+"2 

X] Yl / e ™i,m 2 {x -y)ip mi ,m 2 * f{y)dy 



kl,k 2 <=ZR<=K k , k2 m 1 ~v 1 k 1 +u 1 
m 2 ~v 2 k 2 +U2 
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= Y Y // d t 1 ,ta{x-y)ilHi,t a *f{y)dyda(t 1 )da(t 2 ) 
keZReK k J Jr + 

in <S'(R n x R m ), where i?+ is as in (4.1) and a is the counting measure on R. 
Set A fc = 2 k [w{Q, k )] l / p and a k = A" 1 Y.Rell k e R' where for a11 ^ rx K ™ 

(4.6) e R (x) = jj^ O tl ,t 2 {x -y)tpt!,t 2 * f{y)dyda(t 1 )da(t 2 ). 

It is not hard to show that ep G 5 SljS2 (IR n x W 71 ). Let m(Q k ) be the set of all maximal 
dyadic rectangles contained in £l k - For each R G TZ k , by (4.5), there exists at least one 
maximal dyadic rectangle in m(p, k ) containing R; if there exists only one such maximal 
dyadic rectangle, we then denote it by R*; if there exist more than one such cubes, we 
denote the one which has the "longest" side in the W 1 "direction" by R*. We point out 
that R* is unique by the choice. For each P G m(Q k ), let 

(4.7) a P ^\- k l e ^ 

ReK k ,R*=P 

and then a k = J2p em (n k ) a P m S'(M. n x R m )- Moreover, we rewrite / as 

(4.8) f = Y J X k a k = Y J X k Y ap = Y Xk Y Y X k le R 

kez kez p& m (n k ) kez p e m(n k ) Ren k ,R*=p 

in S'(R n x R m ). 
Then we have 

Y X k = Y 2Pkw ^ lk "> - II ^0 (/) I Ixs, (R» xR"*) = I^"h£(R"xR- ; A)- 

By this and (4.8), to conclude the proof of Lemma 4.1, we must show that each a k is a 
fixed multiple of a (p, q, s) w -aiom associated with Q k . 
Step 2. Show supp a P C P" = P" x P!{. 

If x G suppap, by (4.7), ap(x) ^ implies that there exists R G 7Z k such that R* = P 
and ep(x) ^ 0. Recall that for all h, t 2 G Z and (xi, x 2 ) £l"x R m , 

0f 1)t2 (*i, x 2 ) = frf^H'^rV^W 2 ^) 

and supp#W C -Bq*''- ^ e -R( x i) x 2) 7^ 0, by (4.6), there exists (y, (t±, t 2 )) G -R+ such that 
^i{xi - yi) G Bq \ Moreover, by (4.2), we have U < Vi[l(Ri) - 1] + Ui + cjj. Therefore, by 
Lemma 2.1(iv) and (2.1), we further have 

Xi G yi + B^ C x R . +B {i ] m >. +B {i) !im , ... , 
C x Ri + B v .^ Ri) _ 1)+u . +2(Ji = Ri. 
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Thus, 

(4.9) supp e R C R' = R[ x R' 2 . 

Since R{ C Pi, by Lemma 2.1(iv) and (2.1), we obtain 

R'i = XRi + B { 1 \ m) _ 1)+u . +2a . C x Ri - x Pi + x Pi + B. 



(i) 

Vi(e(Pi)-l)+Ui+2ai 



From this and (4.7), we obtain supp ap C P" = P" x P 2 . 



Step 3. Prove lla*,^ (M n 



xR m ) 



< 



[w(n k )\ 



l/q-l/p 



To this end, we need the following key lemma which will be shown in Steps 6-8 bellow. 

Lemma 4.2. Let 9, ip be as in Proposition 2.5, Q any set of dyadic rectangles in R n x R m , 
and e R as in (4.6) for any R £ Q. Then, there exists a positive constant C such that for 
allxe M. n x R m , 



(4.10) Sol J>p)0r) <CJ2[Ms(.c rX r)(x)} 2 , 

L ^Reg ' J Reg 

where 

J ff 1/ ff M2J ^lW^2) \ 1/2 

Assuming Lemma 4.2 for the moment, since q > q w , we have w € A q (A). By this, 
Theorem 3.2, Lemma 4.2 with Q = TZ^ and Proposition 2.2(h), we have 



\ a k\\Ll(R n xR m ) ^ 1 



E e^J 



E t^ s (™)] 2 ) 1/2 

nl/2 

E C « Xi? 



Since for all R G 7£fc, |-R H fifc+i| < |-R|/2 and R C by Lemma 2.1(iv) and (4.5), then 
for all x € i?, we have 

, \ 1 /" 1/21 \R\l1 

M * {x Rn{ n k \n k+1 )) 0*0 £ J X m( n k \n k+l) (y) d y £ ^ > Xr(x). 



\R\ 



From this and Proposition 2.2(h), it follows that 



(4.11) ll fclli«,(M"xR m ) ~ \ 1 



fc\^fc+i) 



1/2 
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E c R^Rn(n k \n k+1 )J 



\ 1/2 



ReK k 



Moreover, fix x € M. n x R m . If R £ 7£fc and x & R, then for any (y, t) G P+, by Lemma 
2.1(iv) and (2.1), Xi — yiG B^\^ R ^ +u , +a , C , which together with Remark 3.1 and the 
disjointness of R+ implies that 

(4.12) £ c 2 RXm( ^ Qk+i) (x) 

ReU k 

= E // l^,t 2 * f(y)\ 2 dy d<7{t ^ [ d I {t2) X Rn{ n k \n k+1 )( x ) 

<^ (/ )(.)]V^ +1 (-)^2^ fe+i (,). 

Notice that w (ilk) ^5 w(Qk) by w £ A q (A) and Proposition 2.2(h). From these estimates, 
we deduce 



(4.13) 



hk\\ L i 



l xR m ) 



< 2^>(^,)r 1/p 2 A >(^)] 1/9 < Mm 1/q - 



i/p 



Step 4. Prove E Pem (n fc ) IMI^ (RnxRm) < [w{VL k )] l - q / p '. Similarly to the proof of 
(4.13), by Theorem 3.2, Lemma 4.2 with Q = {R € H k : P* = P}, the monotonicity of 
£i/ 2 with g > 2, (4.12) and iu(n fc ) < w(Sl k ), we have 



(4.14) 



E_ ^ ap K q w (R^xR^) 

Pem(n k ) 



< 



Lj,(R n xl m ) 



v E 4 E e «) 

E c ^Rn(n fc \^ fc+ i) f 



R&n k ,R*=p 
q 



Pem(f2 fc ) 

<Ar E 

< V||^(/)xn fc \n fc+1 

< 2-? fc [ U ;(^)]-^ U ;(^ fe )2^ fc + 1 ) < H^)] 1 ' 

Step 5. Show the vanishing moments of ap. 

By (4.12) and w(Qk) i$ w(Ofc), we nave 

(4-15) A" 9 / {// |/*^,* 2 (y)| 2 



1/2 



Lj,(IR n xR" 



<j/P 



x ^Rn(n k \n k +i)y x > a y ^fe* 2 



q/2 



( E c ^fin(S] fc \!J fc+1 ) ) 
v R&l k 



1/2 



L£,(R n xR m ) 



w(x) dx 

< [w(fi fc )] 1_9/p < oo. 
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Take any N G N and let U k ^ N = {R € ft fe : \£(Ri)\ > N, i = 1, 2}. Replacing a k by 
1 YlReH k jv e ^?' similarly to the estimate of (4.11), we obtain 



K l E ^ 

ReTl k<N 



L2,(R n xR m ) 
.2 



( E c R*Rn(n k \n k+1 ) 

y R€TZ ktN 



1/2 



L2,(R n xR m ) 
2 



K q f iff \f*^My)\ 

Jr™xR™ I J J[J R eTZ, w 



dajh) dcr{t 2 ) 



9/2 



Then by (4.15) and Lebesgue dominated convergence theorem, we have 

0, 



A," 1 E <* 

ReK k , N 



Ll(R n xR m ) 



as iV — > oo, which implies that ap = A^ 1 ^^^ R „ =P ep converges in L^,(R n x R m ), 
and thus for almost everywhere x 2 £ K m , ap(-, x 2 ) € ^(M™). Moreover, recall that 

6 has vanishing moments s\ > [(q w /p — l)Ci~-J i n * ne ^ TS ^ variable and so is ep. Let 
^i(a^i) = XiXp['( x i) with \a\ < s\ and q E M+ such that g _1 + (q)" 1 = 1. Obviously, 



^ G L U/«(,x 2 ) ( 



l ). Then by the fact that supp ap(-, x 2 ) C Pf, (L 



L ™(-,x 2 )( Rn ) and su PP e fi(- 5 x 2) C P", we have 



u>-«/«(-,x 2 ) 1 



r))" 



/ 



ap(xi, x 2 )x° dsi = (ap(-, x 2 ), /ii) = E ( e #('' X2 ), hi) 

R*=p,Reii k 



= E / e «( Xl ' x 2)^? 1 dxi = 0. 



Thus, ap has vanishing moments up to order s\ in the first variable. By symmetry, ap 
has vanishing moments up to order s 2 in the second variable. 

Combining Steps 3 through 5 shows that a k is a fixed multiple of a (p, q, s) TO -atom 
associated with Q k - To finish the proof of Lemma 4.1, we still need to show Lemma 4.2. 

Step 6. Proof of Lemma 4.2. 

For P G ft, let P+ be as in (4.1). For all x £R n x R m , by Remark 3.1, we have 



(4.16) 



M E e «)( 



Reg 



dy 



da(t±) dcx(i 2 ) 
h ll h t2 
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< 



Pen, p+nr(x)^<D J Jp + L Reg 



dy 



da{t\) da(t 2 ) 

WW ' 



For any (y, t) € P + with P + n T(x) ^ 0, we will prove in Step 7 that if P' D R' = 0, 

efi * tft^tiiv) = 0, or else, 

(4-17) |e R ^ tl ,a.)l< C ^ s (x R )(x)n^ +lKK(Rl) -^ )ICl '-. 

i=i 

For any P <G 7£, we will show in Step 8 that 

2 

( 418 ) jj^i+iKl^flij-^PiJlCi,- < 1 _ 

ReR., R'nPV0 i=1 

Assuming that (4.17) and (4.18) for the moment, for any (y, t) G P + and P + fl T(x) ^ 0, 
by (4.17), the Cauchy-Schwarz inequality and (4.18), we obtain 

(e\^*^m\) 2 <{ e ^M s( xp)(x)n^ +i ^^)-^^-} 2 

^Reg ' Reg, R'nP'^Q i=i J 

Reg.R'nRVO i=1 
From this, (4.16) and (4.18), it follows that 



^(E e «)( a 

L ^ Reg ' 

E // E ^.(x^n&i 

,^7_N ,*J JP+ 



p + nr(x)^<s • 



' p + Res 



2 tt ,,(-i+i)wi|/(fli)-<(Pi)|Ci,- r dajtx) da{t 2 ) 

b\% 2 



< 



^4[a4 s( xr)(x)] 2 { e n^ +1Km) "^ )ICi -UE4^ s (xp)w] 



Reg 



P6R 1=1 



Reg 



which yields (4.10). To finish the proof of Lemma 4.2, we still need to show (4.17) and 
(4.18). 

Step 7. Show (4.17). 

Consider first the trivial case when R' fl P' = 0. In this case we claim that for 
(y, (h, t 2 )) e P+, we have e R * tl)t2 (y) = 0. By (4.9), we have 

ep * tut2 (yi, V2) = JJ e R {zi, z 2 )9t u t 2 (yi ~ z i, 2/2 - z 2 )dzi dz 2 . 

Recall that 

e tlM ( yi - Zl , y 2 - z 2 ) = b- l H^9^{A^{y 1 - z l ))e^(A 2 t2 (y 2 - z 2 )), 
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and suppflW c for i = 1, 2. Moreover, since (y, (h, t 2 )) G P+, by (4.1), (4.2) and 
Lemma 2.1(iv), we obtain y, G Pj C xp^ + ^L P .) +U . and ij < Vi(i{Pi) - 1) + Uj + cr; for 
i = l,2. Therefore, if (y, (ti, i 2 )) € P+ and 6> tlit2 (yi - zi, y 2 - z 2 ) 7^ 0, then by (2.1), we 
have 

Zi G yi + P^ C x Pi + P^ ( p. )+U . + P^( P .)_ 1)+u . +0 .. C xp + P^ ( p.)_ 1)+u . +2o .. = P/. 
Thus, for all (y, (ti, t 2 )) £ P+, we have 

(4.19) e R *e tut2 (y)= e R (z)9 tl , t2 (y-z)dz, 

JR'nP' 

and if P' f] R' = 0, we obtain e R * 9 tl ,t 2 {y) = °- 

We now consider the non-trivial case R 1 n P' 7^ 0. We shall establish (4.17) by consid- 
ering the following four subcases. 

Case I. £(R 1 ) > i(P x ) and £(R 2 ) > £(P 2 ). Let i = 1, 2. We first observe that for any 
(y, *2)) e P+ and Zi G P • = x Ri + P^ (i? . ) _ 1]+u . +2o .., by ^ > t^(Pj) +<7j, we have 



^ i [^( J R i )-l-^(P i )]+CT i 



Let R = Ri x P 2 . Then for any ^ G P«, since —Vi, Oi > and fj[^(Pi) - ^(P)] < 0, by 
(2.5) and (2.4), we obtain 

(4.20) \4 - a-^xr.i = \A- v ^[A^(zi - A-^xpjw < h ^)-mm,- _ 

On the other hand, by the Cauchy-Schwarz inequality, 9 G SiW 1 x R m ) and Lemma 
2.1(iv), we have 

(4.21) |ep(x)| 2 <4 // \9 tut2 (x 1 -y 1 ,x 2 -y 2 )\ 2 b t 1 1 b t 2 2 dy 1 dy 2 da(t 1 )da(t 2 ) 



R, 



<4 



Let 



E E lWV 2 <4 

t 2 ~v 2 l(R 2 )+u 2 



|ai|<*i 

be the Taylor polynomial of #W about wi G M™ 4 of degree S{. For any (y, (ti, t 2 )) G P+, 
since e R G <S Sl;S2 (R n x M m ), 9 = 0W0( 2 ) and 0W G S^(IR n *) for i = 1, 2, by (4.9), Taylor's 
remainder theorem, (4.20) and (4.21), we obtain 

(4.22) \e R *9 tut2 (y)\ 

r 2 

/ e R (A^ Zl , A$z 2 ) TT^W^ - Zl ) dz 
J R ' i=i 
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r 2 

/ e R {A* Zl , A^z 2 ) n(0 (O (A r Si - Zi) - P% ti {A'Si ~ 

JR i=1 A i Vi~ A i X Ri 

2 

< / \e R (A^ Zl , A%z 2 )\ TT \A7 t u x Ri - Zi \ Si+1 dz x dz 2 

JRixR 2 ^ 

< r rri,«iW fl *)-'( p i)]i,( s * +i ) w *w fl *)- < ( p <)]Ci,- 



i=i 

Observing that since £(Pj) < £(Pj) and P/ (~1 R ■ 7^ for i = 1, 2, by (2.1) and Lemma 
2.1(iv), it is easy to see 



(4.23) R\<zP" = x Pi + Bl 



(0 



(^(P i )-l)+U i +4<T i ' 



and hence P' C P w . Moreover, for any x G M ra x W m and r(x) n P+ + 0, by (2.1) and 
Lemma 2.1(iv), we obtain 

(4.24) x G P'. 

By Lemma 2.1(iv), we have that b v f (Ri) ~ |P^| and 6^ (Pl) ~ |p."'|. By this, (4.23), 
(4.24), Lemma 2.1(iv) and Remark 2.1, we have that for any i£l"x R m and T(x)nP + 7^ 



(4.25) fib? 1 '™-'™ < M s {xri)(x) < M s (xr){x). 

i=l 

Combining this and (4.22) yields (4.17). 

Case II. £(R 1 ) < i{P x ) and £(R 2 ) < l(P 2 ). In this case, for any Z{ G P[ = x Pi + 
B^'L„v „ .„ , we have 

fzL Qfi^l / = 4-^(^)-«V p 4 — yi^(Ki)— Ui , R (i) _ p. 

_ A i Z t t A- Xp, + & Vi [l>(p i )-l-t(R i )\ +2cH - 

Let P = Pi x P 2 . For any ^ G P, since £(P) > and -^,<7; > 0, by (2.5) and (2.4), 

similarly to the estimate of (4.20), we obtain 

(4 27) \z' - AT vdi - Rl) ~ Ul x P I < ^W p i)-^)]Ci, - 

Let e fl (z) = e R {A\ ll{Rl)+ul z u A v * m+U2 z 2 ) . For any z G W 1 x M m and (c*i,a 2 ) € 
(Z+) ni x (Z + )" 2 , we have 

(4-28) \d?d?e R {z)\ <c R . 

Indeed, for any 7, > Vii{Ri) + Ui + ai and Zj G M n % an application of chain rule yields 
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Hence (4.28) follows by the Cauchy-Schwarz inequality, (4.2) and Lemma 2.1(iv), similarly 
to the estimate of (4.21), 



ff »1»2[/1 / 4 vi^(Hi)+ui A v 2 £(R 2 )+u 2 \1/ \ 

// "22 F71, 72(^1 --2/1,^2 ■ -y2)\{zi,z 2 ) 

2 

x (^71,72 * f)(y) d y dv{li) da(j 2 ) 
< 4 jj R b^V 2 dyi dy 2 da( 7 i) ^(72) < c|. 



Without loss of generality we can assume that 
(4.29) 

since the other case is dealt in the same way. Let 



V wi (zi,z 2 )= 2^ — — — (^i-tfi) 1 



l"l|<*3 



Cti< 



be the Taylor polynomial of e R (-,z 2 ) in the first variable about w± € M" 1 and degree S3. 
For any (y, (ti, t 2 )) € T(x) n P+, by (4.19) and (4.26), the change of variables, and our 
hypothesis that each #W has vanishing moments up to degree S3 = 2max(si,S2) + 1 we 
have 



\e R *e tlM {y)\ 



^e R {zi, z 2 ) - V A - vl e( Rl) -u lxp ^ (z 1} z 2 ) 

2 

Yl eff (yi - A f {Ri)+Ui z^) bf m+Ui dz 



< 



C R L \ Zl ~ A l 



v 1 e(R 1 )-u 1 1S3+1 



.Vil(Ri)+u q 



Zi)\b. 



Vit(Ri) 



dz 



i=i 



< c R b\ 



(s3+i)ui[*(PiM(-Ri)]Ci,- 



JJ [i(Pi)-t{Ri)] b -ti+vARi 



i=i 



£ CR 



i=l 



Indeed, the first estimate is a consequence of Taylor's remainder theorem and (4.28), the 
second follows from (4.27), and the last follows from (4.29) and ~ bj l ^ p ^ for i = 1, 2. 

Since £(i?i) < £(P 1 ) and £(i? 2 ) < £(P 2 ), by (4.23) and symmetry, we obtain P' C 
i? w . From this, (4.24), Remark 2.1 and Lemma 2.1(iv), it follows that for x € P', 1 = 
M s (xr>")(x) ^ M s (xr){x); see also (4.25). Then, combining this and (4.29) yields (4.17). 

Case III. £(Ri) > £(Pi) and £(R 2 ) < i{P 2 ). In this case define 

(2)/ n _ / A v 2 e(R 2 )+u 2 s 

(zi, z 2 ) = e R {zi, A 2 z 2 ). 
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For any z G R n x R m and a 2 G (Z + )™ 2 , similarly to the estimate of (4.28), we obtain 
(4.30) \dre%\z l ,z 2 )\<c R . 

Let i?i = ^i"* 1 ^! + B^ mi) _ 1]+Ui+2ai _ ti and 

5 = A -v 2 e(R 2 )-u 2 R (2) 

Let P^V be the Taylor polynomial of about u>i G M ni of degree si, and let 



101 

.(2), 

a 2 ! 



p«, 2 (^ 2 ) = 2^ -j ( 



Z 2 ~ W 2 T 2 



\&2\<S 2 



(2) 

be the Taylor polynomial of e R (z±, •) in the second variable about w 2 G M™ 2 of degree 
s 2 - For any (y, (t±, t 2 )) G T(x) PI P+, by (4.19), the change of variables, and vanishing 
moment conditions, we have 



en * tl , t2 {y) 



u 2 ^(-R 2 )+u 2 ^\iV 2 £(R 2 )+u 2 ^ 



= I _ e%\A* Zl , Z2)0 {1) (A^ yi - Zl )e^(y 2 - A^ R ^z 2 )b. 
= bf^ +u > [ (e R 2) (A^z 1 ,z 2 )-V A - V2 e ( n 2) -, 2x (A^ Zl ,z 2 )) 

xS^(y 2 -Af iR ' )+ "z 2 )dz 1 dz 2 . 

The last equation is a consequence of Fubini's theorem with the inside integration over 
the z 2 variable. Consequently, Taylor's remainder theorem, (4.20) for i = 1, and (4.27) 
for i = 2 yields 

(4.31) \e R *e tlM (y)\ 



i=i 



i=l 

Moreover, observing that £(i?i) > £(Pi) and £(P 2 ) < ^2), by (4.23) and symmetry, 
we obtain that Pi C P{" and P 2 ' C P 2 ". From this, ~ |^|, &J*' (P<) ~ |P/"|, (4.24), 

Remark 2.1 and Lemma 2.1(iv), it follows that 

_ W „ \R'ir)P{"\ \R 2 "nP^\ < [iff nPfl [jffnif | 

1 ~ I DW 1 ~ I DW I I D/ I ~ 



I P'« I I P'« I I P' I ~ I P'« I I pm I 

Fi I Fi I K2I Fi I F2 I 
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' ' <M s ( XR >»)(x)<M s (xR)(xy, 



I P 1 " I 

see also (4.25). Combining this and (4.31) yields (4.17). 

Case IV. Finally, the case £(R 1 ) < £(P 1 ) and i{R 2 ) > £(P 2 ) follows from Case III by 
the symmetry. This completes the proof of the crucial estimate (4.17). 
Step 8. Verify (4.18) 

Let \E be the cardinality of the set E. For i = 1, 2, by (4.23) and Lemma 2.1, we have 

I pin t 

${Ri G Q« : ^ n i^V 0, 1^1 < |P|, W = M < V^r ~ frpl**-^ 

and 

Ki?i G Q {l) : R'i n ^ + 0, |^| > |Pi|, = fcj} = 1. 

Then by this and (s, + l)Ci,- — 1 > 0, we obtain 

2 2 

^ JJ^i+iKIAfliJ-^iJICi,- < JJJ^ ^+1)^(^)^(^)10,- 

R'.nPl^H 

2 

<JJ£ b w i [(a i +l)Ci,--l]|fci-<(P i )| < x 

i=i k z ei, 

which shows (4.18) and hence, completes the proof of Lemma 4.1. □ 

We now prove the converse of Lemma 4.1. 

Lemma 4.3. Let the assumptions be as in Theorem 4-1- Then there exists a positive con- 
stant C such that for all f G fl£'«'*(R» x R m ; A^S'^JW 1 x M. m ), ||/||^, 9 ,? (R „ xRm;1) < 

C\\f\\H*(R n xR m ;A) m 

To prove Lemma 4.3, we need a variant of the Journe's covering lemma established 
in [36, 44]; see also [7] for some different variants. We first recall some notation and 
definitions. Let fi C M n x R m be an open set. Denote by mj(f2) the family of all dyadic 
rectangles R C which are maximal in the M ni "direction", where i = 1, 2. Recall that 
n± = n and n 2 = m. Let 770 G (0, 1). For R = R\ x R 2 G mi(Q), let R 2 = R 2 (R±) be 
the "longest" dyadic cube containing R 2 such that \(Ri x R 2 ) n fi| > f/ol-Ri x i?2|; and for 
i? = i?i x R 2 G m2(H), let i?i = R\(R 2 ) be the "longest" dyadic cube containing i?i such 
that 

(4.32) |(Pi x i? 2 ) nn| > r? |-Ri x R 2 \. 

For Ri G Q(') and ji G N, we denote by (Ri)j i the unique dyadic cube in containing 
i?i with ^((i?j)jj = ^(i?j) — jj. Obviously, (-Rj)o = -Rj- Also, let /i : [0, 00) — > [0, 00) be an 
increasing function such that jh(C S 3 ) < 00, where C = max{6^ 1_1 , b^ 2 X } and 

5o = maxj^ 1 , &2 2 }- 

The following result is a variant of the well-known Journe's covering lemma in [44] and 
is adapted to expansive dilations. 
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Lemma 4.4. Let Ai be a dilation on W li for i = 1, 2, w G Aoo(A) and q w be as in (2.7). 
Let rjo G (0,1). Then there exists a positive constant C, only depending on n, m, f]o and 
C q A n m( w ) w ^ 1 ^ °°)' suc ^ that for all open sets fl C W n x R m with w(Q) < oo, 

(4.33) Yl w(R)h( l §\) < Cw(Q) 



R=Rixi? 2 €mi(n) 

and 



(4.34) w(R)hO-S^) <Cw(n). 

R=R 1 xR 2 £m 2 (n) \\Ri\y 

Proof. Since the proofs for (4.33) and (4.34) are similar, we only show (4.34). 

Let R\ G such that Pi x P 2 G m 2 (VL) for certain P 2 . Notice that for any given 
Pi G Q (1) , there may exist more than one P 2 G such that Pi x P 2 G m2(fl). Based 
on this, for any j\ G N, we define 

(4.35) A Run = {P 2 G Q (2) : i?i x P 2 G m 2 (H), Pi = Pi(P 2 ) = (Pi^-i}- 
If Ari,ji 7^ 0, for each R 2 G -Ar^, then by Lemma 2.1(iv), we have 

and ss + P*- 1 " 1 ~ C R\ C + P*- 1 " 1 ~ . From this, it follows that 

(4.36) b^b\ l{n - l) < ffi < 6 2ui &i l(jl_1) . 

I^il 

Let C = fe 2 " 1 ^ 1 . By (4.36) and the disjointness of {R 2 : R x x R 2 G m 2 (ft)}, we have 

E «-w*(|f}) 

R=R 1 xR 2 em 2 (Q) \ 1-^11/ 

= E EE - 

{fli : iii x i* 2 6m 2 («)} ji 6N, A Rl , ^ ^0 R 2 6 , ^ 1^1 1 7 

< ^(<5&f jl ) ^ Jfl lX (J P 2 \ 

jiGN {Hi:flixii2em2(n),A flli j 1 ^0} ^ fls6A fll ,jj ' 

Set Pijj = Uijjx^cn ^ or an y J' 1 e ^ an( ^ an y Si ven -Ri £ 2^ satisfying 7^ 
0, if x 2 G Uij 2 gA fll j-J^-ii then there exists dyadic cube R 2 G Q^ 2 ) such that Pi x P 2 G 
m 2 (fi), x 2 G P 2 and Pi = (Pi)^-! by (4.35). By (4.32) and the maximality of Pi, we 
have \{{Rx) h - X x P 2 ) (~1 fi| > r/oKPi^-i x P 2 | and (((Pi)^ x P 2 ) n fi| < ^(Pi)^ x 
P 2 |, which implies that (((Pi)^ x P 2 ) n ((Pi)^ x )\ < r]o\(Ri)j 1 x P 2 |, namely, 
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KRi)^ x (R 2 r\E {Rl)n )\ < r}o\(Ri)n x R 2 \. Therefore, \R 2 D E {Rl)ji \ < rj \R 2 1, and hence, 
|i? 2 n(^ (Rl)3i ) C | > (l- % )|i? 2 |, where ( J E (fil)ji ) C = (R m \%) 31 ). From this and R 2 C 
it follows that for x 2 G i? 2 , •A4( 2 )(x.e Hi \.e (J j i) )(a? 2 ) > 1 — Vo, where is the Hardy- 

Littlewood maximal operator with respect to the second variable, namely, on W 71 . Thus, 
for any j\ G N, we obtain 

(4.37) (J R 2 C K = [x 2 G R m : A<f 2 (x^i^ )(x 2 ) > 1 - %} • 

Since G Ax>(^4) implies that there exists q G (1, oo) such that w G A q (A). Then by 
Definition 2.4, for almost all x\ G we obtain that w(x\, •) G ^l g (^4 2 ) and the weighted 
constants are uniformly bounded. By this, (4.37) and Proposition 2.1(h), we have 

(4.38) w (i?! x (U R2 eA Rl , n Ri)) < w(Ri * K) < w fa x (£ Rl \ E {Rl)h )) . 

Fori = l, . . . , ji, by the disjointness of sets {(R 1 ) i - 1 x(E^ Rl - ) ._ 1 \E^ Rl) .) C ft : Ri G Q (1) }, 
we have 

^ u; x (S (i?l)i _ 1 \ E {Rl)i )) < w(Q). 

{R 1 :R l xR 2 em 2 (n),A Rl , h ^0} 

By this, Ri C (-Ri)i-i for i G N and (4.38), we obtain 

L "«*(£!) 

< £ fc(C6r*) ^ x (E Rl \ E (Rl)n )) 
hen : ^ x i? 2 em 2 (SI) , a Ri , ^ ^0} 

< ^ fc(Cfl**) ^ f>(GRi)*-i x (-S(i?i)j_i \ 
jieN {iii:iiixi?2 em 2 (n),>i fll ,^0} i=l 

<w(n)Y,jMCbT n )<w(n), 

hen 

which completes the proof of Lemma 4.4. □ 

Proof of Lemma 4-3. We prove Lemma 4.3 by the following 7 steps. 
Step 1. Reduce to the uniform estimates on atoms. 

Let ijj be as in Proposition 2.5. It suffices to prove that for all (p, q, s) w -atoms a, 
(4-39) \\ s ^(a)\\ L prRn xR m) < 1- 

In fact, for any / G Hw Q,s (R n x R m ; A), there exist {AfcjfcgN C C and (p, q, s) m -atoms 
{a k } km such that / = £ feeN A fe a fe in S'(R n x and £ fceN W < II /ll^,„ ?(R „ xRm; ^- 



i?=RixK 2 em 2 (0) 
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By this, tp G S(R n x R m ), Minkowski's inequality, Fatou's lemma, and the monotonicity 
of the £ p -norm with p G (0, 1] and (4.39), we have 

II'S'v(/)IIlP(R»xIR™) - X^I^WIIlp (Rn x]R m) ~ WfW P H P, 



i™xl m ; A) 

k£N ' 



Let us now show (4.39) by Step 2 through Step 7. 

Step 2. Estimate S^{a) on a "finite" expansion of the support of a. 

Assume that a is a (p, q, s) w -atom associated with an open set Q satisfying w (f2) < oo 
as in Definition 4.2. Let Q be as in (4.3) and r/ = b^-^b^ ' 2 . Obviously, r/ G (0, 1). 
For each R = Ri x R 2 G m(f2), let i?i be the "longest" dyadic cube containing Ri such 
that |(^i x R 2 ) nn\> f] \Ri xR 2 \. For 0, we define Q' = {x G M n x R m : M s (xq){x) > 
bi 2ui b 2 2u2 rjo} . Similarly, we define £1" and Q'" by replacing Q in the definition of $7', 
respectively, by Q' and Q". Obviously, (R\ x R 2 ) C SI'. For any given i?i x R 2 G mi ($7') 
and i?i D let i?2 be the "longest" dyadic cube containing R 2 such that xi?2)nf2'| > 
rio\Ri x R 2 \. Set R* = R1xR* 2 = (x R ,+B W ,^ ^ ) x (x R2 + B {2 \ ~ s ). 

Then we have 

(4.40) «/ (J £*)<u,(n). 

In fact, to prove (4.40), let i? a = (is + N ) x (xg + B {2) ~ ). By Lemma 

2.1(iv)^and^2.1), R^C {Ri x R 2 ) C i?* and C Q" which is deduced from the fact that 
Ri x R 2 C ft" and #i C R\. For any i? G m(ft) and x G 

A4 s (^„)(x) > ^ X5 ,,(y) > H = bf^b 2 2 ^ m , 

which implies that U Rem ^R* C $7'". From this, u> G A q (A) and the boundedness of M s 
on L£,(M n x R m ) (see Proposition 2.2(h)), it follows that 



w 



(J ir) < ™(ft'") < ™(ft). 



Thus, (4.40) holds. 

Then for w G «4ooG<4), p G (0, 1] and q G [2, oo) PI (q w , oo), by Holder's inequality, 
Theorem 3.2, (4.40) and Definition 4.2(11), we obtain 



(4 - 4i) SL 



- R* 

flgm(fi)-"" 



1-p/q 

[S^(a)(x)] p w(x) dx < 



w 



R *J \\Sil>( a )\\ P Li (M"xR">) 

Step 3. Estimate S^(a) on the complement of a " finite" expansion of the 
support of a. 
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Set R\ = xr, + B^ l \ otD \ i \ i , K and i?o = xp, + i?'' 2 ),,/™ , n , LK . Then by 
a = J2R &m (n) a R m <5'(M n x W 11 ) as in Definition 4.2 and the monotonicity of the ^ p -norm 
with p G (0, 1], we obtain 

(4.42) (j [S^a)(x)fw{x)dx 

^ J2 !! [S^(a R )(x)] p w(x)dx 
Rem(n) K ' 

< E Iff + // + //. 

^UWxft JJ(R^x(R 2 ) c JJRix(R* 2 )t 
+ 11 [S % b(a R )(x)] p w(x)dx= V (K : + K 2 + K 3 + K 4 ). 



Step 4. Pointwise estimate of «S^(or) on x .R^- 

_ Let 7l _(i?) = - = + < ) ( ^ 1) _ 1 _, 1)+U1+5CT1 ^ A* G N, and 

Rl Q = JS*. We will prove in this step that for all fci G Z + and x = (xi, X2) with 

G fl;, fcl+ i \ #I ifcl and x 2 G i? 2 , 

(4.43) ^(a*)(s) <^-^(^(-i+ 1 )Ci.-^iWfii)-*i) / S^ ) (a R (z 1 , ■))(x 2 )dz 1 , 

where S^p) is the Lusin-area function with respect to the second variable and s\ as in 
Definition 4.2. 

Let L(R\) = v\[l(Ri) — 1] +u\ + 3a±. We now estimate aR*ipj 1 j 2 (x — y) by considering 
two cases, where x is as in (4.43), j±, 21 G Z and y G x 

Case I. ji > L{R\). For any z\ G i?'/ = xr 1 + -B^^, we have 

z [ = A -h Zl e = A -^ Xi?i + fl*. 1 ^ ^ <. 

Then, by ji > L{R\) and (2.4), we have 

(4.44) \z[-A-^x Rl \<b[ L{Rl) - j ^-. 
Let 



|ai|<si 



be the Taylor polynomial of ^M 1 ) about G M ni of degree s±. Since suppap C R" and 
or has vanishing moments up to order si for the first variable, by Taylor's remainder 
theorem, we have 

\aR*iph,j 2 ( x -y)\ 
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(a R * 2 ^f 2 \x 2 - y 2 ))(z 1 )b^^ 1 \A^(x 1 - yi - z{))dz, 



lR>{ 



_{a R * 2 V (2) (^2 - y2))(A{ 1 Z 1 ) - r A - jl{xi _ m _ XR } J (A-^( Xl - Vl ) - Zl ) dZ! 

R 1 1 

V j \(a R * 2 ^ ) (x 2 -y 2 ))(A{'z l )\\(A-^x Rl -z l )\ s ^ 1 dz l , 
Jr" 



< 



where 

V= sup sup ^^(^(xi-y^-a)!- 

3 (i) 



since - ^Sflo+niTiw-fcii+^-ii' b y ( 2 - 2 )> we know - & 2 

^Vmt^-^-.v Thus ' if * ^ - fcil. by V'^i e B« and 

(2.2), we have A^zi-y^-fi B™ Ri 

)+vi[yi(R)-ki]-ji' ^ ms together with € 5(IR n ) 

and (2.3) yields that 

(4.45) V< sup [l + piiA-^ixi-yi)-^)}-^ 

< [1 + fLiR^+M-nW-W-h^-N! 

for any given N\ > 0. The same estimate also holds trivially for j\ > L(R\)+v\ [71 (R) — ki\ 
since P < 1. Combining (4.44) through (4.45) yields 

(4.46) \a R *il> juj2 (x-y)\<Itii) I \{a R * 2 4>%\x 2 - y 2 ))(z 1 )\ dz u 

where 1(h) ee b^ \l + b ^)+MMR)-^)-j^ ^ b ^ + i)[L {Rl )- jlKl , 



Observe also that by choosing Ni > s\ + 2, which implies that N± > (s\ + l)Ci, - + 1, we 
have 

(- 447 ) ^ 1(h) 2 < 5- 2 ^(^l)- fc l) & 2[fei-7l(R)]^(si+l)Cl, - 

ji>L(Ri) 

Case II. ji < L(Ri). In this case, for xi~x Rl £ ^L ( ) Rl ) +1 , 1 ( 7l ( jR )_ fel ) + 2 CTl and *i ~ x Ri e 
smce ~~ v i> ~~ 7i ^1 > and ji < L(Ri), by (2.2), we obtain A^ 3 ' 1 (a;i — 21) g" 

S L( ) R 1 )+^( 7l (i?)-fc 1 )+-i-ii- From this ' G B o 1} and (2 ' 2) ' we deduce A i n ( Xl ~ fi " 

Z l) £ B L(Jii)+«i(7l(fl)-fci)-ii' ^ henC6 ' 

(4.48) MV^zi - 2/1 - *i)) > b^+^W-* 1 )-* 

Choosing iVi > ai+2, we have 6i6^ 1+1)Cl ' " < bf 1 . Since suppa/? C 22" and G 5(M m ), 
by (4.48) and Holder's inequality, we have 

(4.49) \a R *ip juj2 (x -y)\ 
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(a R * 2 ^\x 2 - y 2 )){z l )b- n ^>(A- n (x 1 - Vl - Zl )) dz x 



R'{ 



< b -n b -NmR^MR)- kl )-n] f \ {aR , 2 ^ (x 2 - y 2 ))(zi)\ dz, 

JR'I 

~ Sr" ^ * 2 ^ <yX2 ~ ^ dzu 
where = b -Mmi)-ki) b -[L(Ri)+v 1 ( 11 (R)-k 1 )-j 1 ](s 1 +i)Ci, - _ 

Observe also that we have 

(4.50) [ J (ii)] 2 < b^ 2vi ^ l) ^ kl hl [kl ^ liR)]viisi+1)(l '- . 

h<L(Ri) 

Therefore, (4.43) follows by (4.46), (4.47), (4.49), (4.50), and Minkowski's inequality 

S^(a R )(x) 



^{(E^i)] 2 ) E 6 2 J2 / (2) [ [ J(aR*2^\x2-y2))(z 1 )\dz 1 Y dy 2 \ 

5^,(2) (a R (2;i, -))(^2)^i- 



1/2 



< ,-r;i(^(fli)-fci),[fci -71 (si +1)C 



Step 5. Estimate for Ki. 

Since s\ > l(q w /p — l)Cj~ — J > there exists r £ (g^, g] such that p(s\ + l)£i, - +p — r > 
and w € .4,. (A). Recall that A^ 1 ) denotes the Hardy-Littlewood maximal operator on IR n . 
Then, by (4.43), suppa K C R", w e A r {A), the L£,(M n )-boundedness of M {1 \ Theorem 
3.1 and Holder's inequality, we obtain 

b - [kl - MR)]vi{si+1)Ch _l f f ^ (afi)(x)rw(x)dx j 1/r 

- R i,k,+i\ R i,ki J R2 



< & -«i(Afli)-fci)| I j \f s {aR{zi: .))( X2 )dz 1 Yw(x)dx) 

t jR iki+i\ R iki jR *\- jR i J > 



l/r 



< 



< 



< 



[_ (V)(a R )(x 2 )) (xi) 



u>(x) 



l/r 



>R 2 

\aji(x)\ r w(x) dx 



l/r 



hRhi^m^HR)} 1 ^. 



From this, «i < 0, p(si + l)Ci, - + p — r > and w G ^l r (A), Holder's inequality and 
Lemma 2.1(iv), it follows that 



(4.51) Ki=£/ _ _[S^a R )(x)] p w(x)dx 

fc^O^^l.fci + l^l.fci ^ 
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oo ,- -,p/r 

< E h («T,*i+i x ^2)] 1_P/r / /_ ^(a R )(x)]^(x)dx 
fci=o L J-R* fei+1 \R* fci J-R 2 J 

00 

< ^ ^l(7i(R)-^i)('*-p)|-^^^l-p/r^p[fci-7i(R)]fi(si+l)Ci,- 
fci=0 

X H^HlJ, (R«xIR™)[ U, (- R )] P/r ^ 

Step 6. Estimate for X^ em (n)( K i + K 2)- 

Observe that the integral in K 2 is on the domain (-Ri)^ x (R 2 )^ an d the integral in Ki 
is on the domain (Ri)^ x R£. Thus, applying the ideas used in the estimate of Ki on the 
first variable to both variables of K2 , we also have 

Take hi{t) = t ai for t G (0, 1) and ai = p + p(si + l)Ci,- - Then, by ai > 0, we 
obtain that Ylj>o jh\{P) q ^ q ~ p ^ < 00. By Lemma 2.1(iv), we have 



^i 7 i(R)[r-p-p(si+l)Ci,-] ^ ^ /l-^lh 

\\Ri\J 



\Ri\ 

From this, Definition 4.2(11), Holder's inequality, Lemma 4.4 and Proposition 2.2(h) with 
w € A q (A), it follows that 



E (Kl+K 2 )< E II^II^^XM^K^)] 1 -^!^) 

^{ Ejl a «Hk(M"xR-)} { E _ «Wl fjSjj } 



q 

p/q ( / 1 c> 1 \ i-v ^ i-p/9 



< [w{n)] p ' q ^- q ' p \w{h)] 1 - p l q < 1. 
Step 7. Estimate for Ej? em (n)( K 3 + K 4 ). 

To estimate K3 and K4, notice that if 1^ x i? 2 € m(O) for i = 1, 2, then either 
i/ 1 ) =^ 2 (2) or L (1) n I 2 (1) = 0^ Recall that for any R 1 x R 2 E m(fi), then # 2 = £2(^1), 
where Ri x R 2 £ m\{tl') and i?i D Thus, we have 

e ^(n)^ e e «<(*>*» (m)* 



< w(R, x R 2 )h 2 (^j 



1 

1-1 
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where h 2 (t) = t a ' 2 for t G (0, 1) and a 2 = P+p{s 2 + l)(2, - — r. From this, Lemma 4.4 and an 
argument similar to the estimate for ^ Kem ^(Ki+K 2 ), we deduce X^ em (n)( K3+K4 ) ~ 1 - 
This together with (4.41) implies (4.39) and thus completes the proof of Lemma 4.3. □ 

Lemma 4.5. Let the assumptions be as in Theorem 4-1- Then _ff£' 9 ' s (]R n x W m ; A) C 
S^(lR"x]R m ). 

To prove Lemma 4.5, for i = 1, 2 and TV, G Z+, we let TV = (TVi, N 2 ). Set 
^ Nl (R n *) = { <p® £5(l n ') : 

ll¥> (i) bv(R»0 = sup sup |dV l) (^)|[l + M^)f l <l), 

x.er. | ai |<Afi J 

and denote by ^(R" x M m ) the collection of all 99 such that </>(x) = (p^ (xi)^ 2 ) (x 2 ) for 
all x = (xi, x 2 ) erxl m and all G ^(R™ 1 )- 

For any / G 5'(M n x M m ) and x G R n x M m , we define the grand maximal function 
M#{f)(x) of /by 

■Mtf(/)(aO= SU P SU P I/* Vfci.teWI- 

¥>e.^(R"xR m ) k 1 ,k 2 €Z 

Notice that if Ni, N 2 > 2, then for all locally integrable functions / and x G R n x R m , 
Mfi{f)(x) < M s (f){x). Thus if w G A P (A) with p G (1, 00), then M$ is bounded on 
L2,(R n x M m ). Moreover, we have the following proposition. 

Proposition 4.1. Let the assumptions be as in Theorem 4-1- If Ni > Sj + 2 /or i = 1, 2, 

then M$ is bounded from H% q ' 3 (R n x M m ; A) to L^(R n x M m ). 

Then Lemma 4.5 follows from Proposition 4.1. 

Proo/ 0/ lemma ^.5. Fix ^ G <S(R n x R m ). Let ^(x) = ip(x + y) for all x G R n x R m and 
y G Sq 1 ' 1 x Sq 2 ^ . Notice that there exists a positive constant C, depending on ip, such that 
C(f y G y^{W l x R m ) for all y G x £$ 2) . If a is (p, g, s^-atom, then for j u j 2 G N 
and w G A q (A), by Proposition 4.1 and Proposition 2.2(i), we have 

\a*Vn,n(x)\ P < mf \M^a)(x-y)f 

yeB%xB% 

m wJ m JM^a)(y)rw(y)dy<C x , w b^ L b^, 

where C X)W is a positive constant independent of j\ and j 2 , and the atom a. If / = 
J2kei,^ kak ™ "S'O^™ x R m ), where au is (p, q, s^-atom and Ylkez \^k\ p < 00, then 

1/ * <Ph,*{x)\* < c x , w b^b 2 ^ \ x *\ p - 

kez 

as ji, 32 — * 00, which completes the proof of Lemma 4.5. □ 
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Finally we prove Proposition 4.1. 

Proof of Proposition 4-1- The proof of Proposition 4.1 is similar to that of Lemma 4.3. 
By a reason similar to that used in Step 1 of the proof of Lemma 4.3, it suffices to show 
that ||Xjv(a)||LP(R«xR™) ^ 1 for a11 (p, Q, s) w -atoms a. 

Assuming that a = Sij em (m a R 1S a (p> 9' s)«,-atom associated with open set Q, 
with w(Q) < oo as in Definition 4.2. Let all the notation be as in the proof of Lemma 
4.3. Similarly to the proof of (4.41), using the L^,(]R n x R m )-boundedness of (see 
Proposition 2.2(h)), we have 

/ [M^{a){x)fw(x)dx<\. 

i?£m(S2) 



And similarly to the proof of (4.42), we write 

^[Mj}(a)(x)] p w(x)dx 

<- £ Iff +ff +11 

_ ,^ UJ(R*) c xRo J J(R*)Vx(Ro)V JJb 



U_R 6m (n) R * 



+ // [Mff(a R )(x)] p w(x)dx= V (Ji + J 2 + J 3 + J4). 

JJ(Ri)tx(RZ)V J „r"^ 



R£m(Q.) 



For any ^ € ^(M n x R m ), xi € # 1;fel+ i \ R\ M with fc x e Z+, x 2 € i? 2 and y € 

x with ji, j'2 € Z, similarly to the proofs of Case I and Case II in the proof of 
Lemma 4.3, we have that 

(I) if ji > L(Ri), then |or * ipj 1 ,j 2 ( x ~ V)\ nas the same upper estimate as in (4.46) and 

sup ft-J'^i + 6 i( J Ri)+^i(Ti(R)-fci)-ii^-A^ 16 (si+i)[^(Ri)-ii]Ci, - 
h>L(Ri) 

< , -«i(^(fli)-fci), [fci-7l(«)l"l(si+l)Cl, - 

Here, unlike the calculation of (4.47), we only need N\ > s\ + 2; 

(II) if ji < L(Ri), then |or * ipj 1 ,j 2 \ nas the same upper estimate as in (4.49) and 

sup b -MW-ki) b HHRi)+Mii(R)-ki)-ji](si+i)Ci : - 

h<L{Ri) 

< , -vi(i(Ri)-ki) h [fci-7i(fl)]fi(si+l)Ci, - 
~ °1 °1 

Then similarly to the estimate of (4.43), by iV"i > si + 2, we have 

Mft(a R )(x) < ^Wfii)-*i)6[*i-7iW]«i(-i+i)Ci.- /" A^g^^, .))(x 2 )^, 
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where 



M^l(g)(x 2 ) = sup sup 



* a) (x 2 ) 



(2) 

Observing that for s G (1, 00) and v G A S (A 2 ), M. N is bounded on L s v (R n ). Then 
similarly to the estimate of (4.51), we obtain 



XL-PllWn \\ p iVl-n(R){r-p-p(si+l)Cl, - 



Jl < H^)] J 

Also, similarly to the proof in Step 6 of the proof of Lemma 4.3, we also have 



' 1 ("TCP" vIBm 



XR m ) 



jViji(R) [r— p-p(si+l)Ci, 



and X]_Rem(n)(^ 1 + ~ ^ Finally, similarly to the proof in Step 7 of the proof of Lemma 
4.3, we obtain ^ Rem( -^- ) (J3 + J4) < 1, which completes the proof of Proposition 4.1. □ 

Remark 4.2. Let u; G „4.oc(^4) and (p, g, s) w be an admissible triplet. By Proposition 4.1 
and Theorem 4.1, for TVj > Sj + 2 with i = 1, 2, we obtain the boundedness of .M^ from 
HZ(R n x R m ; 1) to Ll(R n x M m ). 



5 Weighted finite atomic Hardy spaces 

In this section we establish finite atomic decomposition of the anisotropic product 
Hardy spaces. 

Definition 5.1. Let w G Aoo(A), q w be as in (2.7) and (p, q, s) w be an admissible triplet 
as in Definition 4.2. Let a be a (p, q, s^-atom associated with an open set Q. We say o 
is a (p, q, s)^-atom if a G S(R n x R m ), f2 is bounded, and there exist only finitely many 
R G m{(l) such that clr 7^ 0. 

The weighted finite Hardy space H^ q ^(R n x R m ; A) is defined to be the space of all 
functions / = Ylj=i^j a ji where k G N, {aj}j =1 are (p, q, s^-atoms and {Xj}j =1 C C. 
The norm of / is defined by 1 1 / 1 1 HP , q , s^ n x Km . ^ = in 

f{(E*=i I^T) 1/P } 5 wh ere the infimum 
is taken over all the above finite decompositions of /. 

The main result of this section is as follows. 

Theorem 5.1. Let w G Aoo{A), q w be as in (2.7), (p, q, s) w be an admissible triplet as 
in Definition Then, 

(i) H% q l°(R n xl™;l) is dense in H^(R n xR m ;I). 
(ii) Moreover, ifs = (s±, s 2 ) satisfies 

(5.1) si > [(q w /p) - 1 + (q w /p)(v 2 /v 1 )(\og bl 6 2 )]Ci~ 1 _ - 1 and 

(5.2) s 2 > [(q w /p) - 1 + (q w /p)(v 1 /v 2 )(log b2 6i)]C 2 ~- - 1, 

then \\f\\ K ,s (RnxRma) ~ Wfh^^A) ^ all f G ^(R" x R m ; A). 
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Remark 5.1. Notice that comparing with the non-product case (see [6, 39, 32]), we need 
additional assumptions (5.1) and (5.2) on vanishing moments of atoms in Theorem 5.1(h). 
This is due to the fact that the product Hardy space is not just a product of one-parameter 
Hardy spaces. 

To prove Theorem 5.1, we need the following auxiliary lemma, which generalizes Lemma 
2 and Lemma 4 in Appendix (III) of [28]. Lemma 5.1 below can be also deduced with 
some effort from [5, Lemma 6.3]. 

Lemma 5.1. Let A be a dilation on W 1 , s G Z + and M G [0, oo). 

(i) If g G 5(M n ) and if) G <S s (lR ra ), then there exists a positive constant C such that for 
all k G Z\N and all x G W 1 , \(g*?pk)(x)\ < Cb k( - S+1 ^- [1 + p{x)Y M . 

(ii) If g G 5 s (R n ) and i/j G 5(M n ), then there exists a positive constant C such that for 
allk£Z + and all x G W 1 , \(g * ip k ){x)\ < C7&- fc [(«+i)<-+i] ^ + \r k p{x)]- M . 

Proof. To prove (i), let k G Z \ N. Since tp G S s {R n ), for all x G R n , we have 



(g * ip k )(x) 



I + l 

J 0(v)<0(x)/(2b°) Jo 



= Ii + I 2 - 



p(y)>p(x)/{2b°) 



S (x-v)-Z^(-«r 



\a\<s 



dy 



For Ii, since g G 5(R n ), by Taylor's remainder theorem, we have 



g{x-y)- ^d a g{x)(-y) 



\a\<s 



< \y\ s+1 



sup \d a g(x — z)\ 

\a\=s+l, p(z)<p(x)/{2b") 



<\y\ s+1 sup [l + p{x-z)]- M . 

p(z)<p{x)/(2b°) 



This together with p(x - z) > p(x)/b a - p(z) > p{x)/(2b a ), (2.3), (2.4), k < and 
V> G S s {R n ), yields 

|Ii I < [1 + p(x)]- m \ [ P (y) {s+1)c -\My)\dy+ [ p(y) {s+1)c+ \My)\dy\ 
[Jp(,y)<i Jp(y)>i ) 



< b Ks+i)(- [1 + p{x) y 
< b Ks+iK- [l + p{x)] - 



-M 



M 



[ P (y) {s+1)c - + P (y) {s+1) H^{y)\dy 



For I2, if p(x) > 1, since g G 5(M n ) and k < 0, by Taylor's remainder theorem, (2.3) and 
(2.4), we have 



\h\ < \y\ s+1 sup \\d a g\\ L ^ (R n ) \il> k (y)\dy 

Jp(y)>p(x)/(2b°) \a\=s+l 



< 



i a 



p(x)/(2b°)<p(y)<l 



p{y) {s+1K -\My)\dy + 



p(x)/(2b°)<p(y),p(y)>l 



p(y) {s+1)<:+ \My)\dy 
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< b Hs+iK- I [p(y) (s+lK - + p(y) (s+lK+ }\ij(y)\dy < b k ^ s+1 ^- p{x)~ M . 

J p{y)>b- k p(x)/{2b") 

By this and p(x) > 1, we have 1 12 1 < b h( - s+1 ^- [1 + p(x)]~ M . For p(x) < 1, similarly to 
the above estimate, we obtain |I 2 | < & fe (s+i)C- < 6 fc ( s+1 ^- [1 + p{x)}- M . Combining above 
estimates for Ii and I 2 completes the proof Lemma 5.1 (i) . 

To prove (ii), we observe the identity g * ipk = {g~k * ip)k- Thus, if k G Z+, then (i) 
with the roles of g and tp exchanged yields 

Is * M*)\ = \(g-k * 4>h(x)\ < b- k ^- [1 + P {A- k x)]- M b-\ 

which completes the proof of Lemma 5.1. □ 

By Lemma 5.1 and an argument similar to the proof of [11, Lemma 2.2], we have the 
following estimates. We leave the details to the reader. 

Lemma 5.2. Let i = 1, 2, A; L be a dilation on R ni , Sj G Z + and Mi G [0, 00). Suppose 
that f G S 8l , 92 (R n x R m ), ipO) G S Sl (R n ), tpW G 5 S2 (M«) and <p tl ,t 2 (x) = $ ( Xl )^f (x 2 ) 
for all ti, ti G Z and x = (xi, x 2 ) G M n x IR m . Then there exists C > suc/t i/iai 
|(^ tli t2 * f){x)\/C is bounded for all x£R n xR m by: 

2 

JJ 6 **("+ 1 X'.-[l + ^( Xi )]-^ if tu t2 < 0, 
i=i 

6l l(si+1)Cl -6 2 -* 2[(s2+1)C2 '- +11 [l + p 1 (x 1 )]- Ml [l + 6 2 -* 2 P2(x 2 )]- M2 */ ti<0, t 2 >0, 

6- tl[(si+1)Cl '- +11 6 2 2(s2+1)C2 '-[l + ^ t Vi(^i)]" Ml [l + P2(^2)]- M2 if ti>0, t 2 <0, 

f[[i + b^ Pl (x t T M % ulis > +1K ''- +1] H h,t 2 > 0. 

We now turn to the proof of Theorem 5.1. 

Proof of Theorem 5.1. We first show (i). Let the notation be as in the proof of the Lemma 
4.1. For / G Hl{R n x R m ; A), by (4.8), we have 

( 5 - 3 ) / = ^2 A fc a fc = Afc ^ a P = ^A fe ^ ^ A fc le fi 

fcez kei pem(n k ) Pem{Q. k ) R £ n k, R*=p 

in S'(R n x M m ). For AT, L G N and fc G Z, let = {i? G : |£(i?j)| < L, i = 1, 2} 

and f n,l = J2\k\<N X kO-k,L, where a fciL = Ep em( n fc ) a ^' = Y,Ren k , L , R*=P K 1& R 
if {R G ^ fe> t : R* = P} + and otherwise a P , L = 0. 

On the other hand, notice that is a bounded set. In fact, let Mi > satisfying that 
(si + l)d,--Mi > 0. Observing that l+ft(x;) < bf+ Pi (xi) ~ 6- l +My;) for ^ G Xi + B^ 
and G Z + , by Lemma 5.2, we have 

[^(/)(xi, x 2 )] 2 
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< 



if r i , / 

f 

xi+B™ Jy 



b l 



2ti(si+l)Ci ,_,2t 2 (s2+l)C2,- 



+ 



+ 



2ti(si+l)Cl,--2ti,2t 2 (s2+l)C2,- 



y2&X2+ B?J [i + &r t Vi(yi)] 2Ml [i + \ P2 (y 2 )Y M * 



oo JO 



oo roo 



h l 



2*i(ai+l)Ci 



-2t 2 (s 2 +l)C2,--2t 2 



viex 1+B V J y2&X2+B % [i + Pl { yi )fM, [i + 6-*V2(y 2 )] 2M2 



JO Jo 



, -2ti (si+l)Ci,--2*i , -2* 2 (s 2 +l)<2 - -2*2 
°1 °2 



1&1+B <;» Jy 2 ex 2+ B% [i + vVi(yi)] 2Ml t 1 + & 2 " 2 P2(y 2 )] 



12M 2 



Thus for any k G Z, Qk is a bounded set in IR ra x lR m and so is Qfc. 

Therefore, for any N G N and fc = — iV, iV, a^i is a (p, q, s)^-atom associated 
with the bounded open set Q k and thus f N)L G H^ 9 ^(R n xR m ; A). 

Observe that for any e > 0, there exists an integer N e > such that (Yl\k\>N e \^k\ p ) l ^ p < 
e. Moreover, for k = —N e , • • • , N e , similarly to the estimate for (4.11), we have 



E 



E 

Pem(Q k ) R ^k,L 

R*=P 



c nXRn(n k \n k+1 ) 



1/2 



L£,(R"xR m ) 



which together with (4.12) implies that ||afc — a^^l 
to the estimate of (4.14), we also have 



p &m (n k ) \\ap-a P ,L\\ Ll 



as L — > oo. Similarly 
as L — > oo. 



'xR m ) 



Thus there exists an integer L e > such that ( 2 ( JVe + 1 )) /p ( Qfc _ ak,L e ) is a (p, q, s) ?i ,-atom. 



Therefore, 

11/ - fN e ,L e \\ H P( R n 



/f£,(R n xR m ; A) 
1/p 

< ^ v |A fc | p |> + 

|fe|>AT, 



£f£(R n xR m ; A") 



|fc|<Af e 

22 \\ a k - ak, lA P „ p 

\k\<N e 



i/£(R n xR m ; A) 
1/p 

xR m ; A) 



<e(l + 



_f/J(R n xR m ; A) 



4"0' 



which gives (i). 

Now we prove (ii). From Definition 5.1 and Theorem 4.1, we automatically deduce 



t/ll 



#£(R"xR m ; A*) 



fin ( M 



< 



cjp>9.?cron x rom. A'v Thus, to show (ii), it suffices to prove that for all 

w. fin V ' / 



l ; A), 



H 



w, fin 



m .X) ~ Hj/£(R™xR m ; A) - 



Let / G H%)r(M. n xR m ; A). Since / G S(R n xR m ), by Lemma 2.5, we know that 
(5.3) also holds in L q (R n x R m ) and hence, pointwise. Assume that supp/ C B^ x B^ 
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for certain hi, h 2 G Z. By homogeneity, we further assume that \\j Ujjp (^n x ^ m . £) = 

ll , S'i/'(/)lli£,(R n xR m ) = 1) where ip is as in Proposition 2.5. 

Let i = 1, 2. For certain given iV € N which will be determined later, set Di = 
— 1> jiV + Uj + cTj; then we choose certain Mq G N, depending on N, such that di = Vi(M$N — 
1) + Mi + <Tj satisfies c#i(sj + 1)0, - < — 2?i[l + («i + 1)0, -]■ We first assume that N is large 
enough such that Di > hi. Then, by the definition of 22+ in (4.1), we know that there 
exist finite dyadic rectangles 22, whose collection is denoted by TZ N , such that 

(5-4) R + n {sg; +(yi x B%l +C2 x [d u Di) x [d 2 , D 2 )) + 0. 

From now on, we adopt the notation in the proof of Lemma 4.1 again. Observe that for 
each R G TZ N , there exists a unique k G Z such that R G 7£fc, and we denote by J/v the 
set of all such k's. 

Let ap jv = 1 ^p e ^ fcn 7^]v p* = p ep if {22 G 7£fc n T?.^ : 22* = P} 7^ and otherwise 
op, ;v = 0. Let afc 5 jv = Spe m (n fc ) ®p, n- Then similarly to the proof of Lemma 4.1, we 
know that a^jy is a (p, q, s) w -&tom which is a finite linear combination of particles clp,n- 
Obviously, ap at is also a finite linear combination of ep and hence is smooth. This further 
implies that a k:N is a (p, q, s)* -atom. Let /at = J2keJ N AfcOfc.Af and g N = f - f N . Then 

/V e fl£Sf(R B x ^) ^d H/nII^.,,, Rm . A) < \W < 1. 

w. fin ^ ' ' 

So it remains to prove g N G Hf' q jf(R n x W a ; A) and ||ajv|| p vaS - < 1. In fact, 

1 *^ iV w,iin v ' / H p ' q - (MP'xM. 171 - A) 

w. fin v ' ' 

we will prove that there exists a positive constant C, independent of / and TV, such that 
Com is a (p, 0, s)* -atom, which implies ||g/v|| p „ „ ? - < 1. 

w, fin * ' ' 

Obviously, g N G «S Sl)S2 (R n x lR m ). Noticing that if R G ft*, then by (5.4), £(22;) G 
(— TV, MqN). By this, (2.1) and Lemma 2.1(iv), we further obtain 

R'i = XRi + 5 I^(P,)-1)+ Ui+2ct , C X ^ + B Di+a^ 

which together with R C R' and (5.4) yields that (x Ri + 23^ +f7 .) D B^. +<T . ^ 0. Then by 
(4.9) and (2.1), we obtain 



supple |J 22' C (Bg^ x fig^) 



From this, supp/ C x and TJj > /ij, it follows that suppgjv C (5^ +3 x 

0(2) N 

We now claim that there exists an TVo £ N, depending on /, m, n, A\ and A2, such 
that for all N > N , 



(5-5) \\9n\\lUK"xR^) < ™{ b dI x s S) 



l/q-l/p 



Now we prove that there exists a positive constant C, independent of / and TV, such that 
CgN is a (p, q, s)^-atom. 
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In fact, by Lemma 2.1(i), there exist certain Pj G and x^o G M ni satisfying that 

x i>0 G Pi n P^ +CTj and u^(Pj) + ^ < A + ^ < ^(P) - 1] + n^. For this P, let P" be 

as in Definition 4.2(1). Then P = P 1 x P 2 C p2 1 ) +3(Ti x P^+3^ C P". To see this, for 

any x, € Pj, since x^o S P^n P^ +o . and Vil(Pi) + Ui < Di + cij, using Lemma 2.1(iv) and 
(2.1), we obtain 



xi g x Pi + B^ e{Pi)+Ui cx i:0 + B i^ Pi ) +Ui + Bi-e^+ui 



C P 



5 A- 



+ C P 



(0 



which implies that P C S^ +3 x B^ +3 . For any Xj € P^+3 CT ' smce P« + °"i £ 
Vi[£(Pi) — 1] + iij and x^o € Pj n P^ +(T ., by Lemma 2.1(iv) and (2.1), we have 



?('<) 



(0 



x, - x Pi G P^ +3(Ti + x ii0 + Bl> m)+Ui C P; 



+ P 



C p 



(0 

Ui[<(Pi)-l]+Ui+3<7i' 



which implies that si!' . Q x B^j? , , 

^ L>i+d(71 1/2+0(72 



C P". 



Let SI = P 



(i) 



z?i+3cri x ^D 2 +3o-2 anc ^ ^ ^ e as * n (^"^) - Obviously, Q is an open bounded 



set. Noticing that P C O, then we have P C fl Thus, there exists a dyadic rectangle 
P* G m($7) such that P C P*. Moreover, since P C P*, similarly to the proof of £7 C P", 
we have^that 0, C (P*)". For P G m(fi), let a R = g N ii R = P* and or = if 
P G m(0) and P ^ P*. By the vanishing moment satisfied by gjy and (5.5) together with 
proposition 2.2(i), we know that Cgjy is a (p, q, s)^-atom associated with Q for certain 
positive constant C independent of / and N. 

Finally, we establish the estimate (5.5). Since / G S(R n x R m ), by (4.4), (5.3) and 



{b ( d ] 1+(Ti x B% +a2 x [d u Eh) x [d 2 , D 2 )} \ ( (J R + J 



0, 



together with the observation that for two different rectangles R and S, then P + nS+ = 0, 



we have that for all x G P^ +3(71 x B^ +3a , 



< 



' f + / I 

[di, Oi) c xEJl"xI m JRx[d 2 , D2) C ^M n > 



)x[d 2 , Da) ■'(b£J+„ 1 ) xR" 
x|^i, t 2 (> - t 2 * f){y)\dy da(h) du{t 2 ) = Ji + J 2 + J3 + J4- 

Recall that 6 = flWflC 2 ) G S SUS2 (R n x M m ) with suppflW C Pj 1} and supp#( 2 ) C pJ 2) . 



Notice that if x, — G S t y, then for all ij G Z, we have 
(5.6) l + b7 ti p(x i )~l + b7 ti p(y i ). 
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Let Mi > 1 for i = 1, 2. Since f,ip = V> (1) Y> (2) , = 9 {1) 9 {2) G <S sl)S2 (R n x M m ), by Lemma 
5.2 and (5.6) , we have 



J 2 < 



s: 

Jo 



fe -*i[( S i+i)Ci,-+i] 
[l + &^Vi(*i)] Ml 

d 2 ^2(s 2 + l)C2,- 



*i(si+l)Ci, 



[1+/5 2 (X 2 )] M2 



dcr(t 2 ) + 



oo ,-*2[(s2+l)C2 ,-+1] 

d 2 [l 2 + 6-V 2 (, 2 )]- 2 ^ 2) 



< ,<i 2 (s 2 +l)C2,- , ,-D 2 [( S2 +l)C2,-+l] < ,-D 2 [l+( S2 +l)C 2 ,-] 



rv "2 



The last inequality is a consequence of our stipulation that d 2 (s 2 + IR2, - < — -D 2 [l + (s 2 + 
1)^2,-]- Moreover, by the assumptions (5.1), (5.2) and that (p, q, s) w is an admissible 
triplet, there exists k > such that (s, + l)Ci, - + 1 — (tfa, + > for i = 1, 2, and 



(5.7) 
(5.8) 



^* _ fVi[(si+l)Cl,-+l-(qw+K)/p]^-v 2 {qu,+K)/p < ^ 



&1 



Vl(q w +K)/p,V 2 [(s 2 +l)C2,-+l-(qw+K)/p] 



< 1. 



(1) 



• t: - B D 2 +3a 2 and Proposition 2.2(i) with w £ A Qw+K (A), 



Thus, by (5.8), supp^ C 
if we choose N large enough, we further obtain 



|J2|lLS,(R"xR m ) - C 

< c 



w 



w 



Di X < 



1/9 
1/9-1/p 



,-U 2 [l+(s2+l)C2,. 
°2 



L*\N 



< 



1/9-1/p 



where C is a positive constant, which is the desired estimate. 

For J 4 , observe that if y 1 £ (B^^f, t x < D 1 and Q^{xi - yi) ^ 0, then by (2.2), we 
have 

(5.9) 



and thus pi(zi) > bf 1 . Let Mi € (1, (si + l)Ci - + 1) and M 2 > 1. Then by (5.9) and an 
argument similar to the estimate of J 2 , we have 



J 4 < 



Di b -ti[(si+l)Ci,-+l] /-0 & *i(si+l)Ci, 



[l+b^ Pl ( Xl )}^ 



/ 



& t 2 (s 2 +l)f 2 ,- 

L7 rf2 [1 + P2MF 



d<r(*2) + 



Dn 



i-t 2 [(s 2 +l)C2,-+l] 



[l + 6 2 -* 2 p 2 (x 2 )] M 2 



cfcr(i 2 



< h --Di[(*i+l)Ci,-+l] 



Moreover, by (5.7) and Proposition (2.2) (i) with w € A qw + K (A), similarly to the estimate 
of ||J 2 ||l9 (K n x M m ), if we choose TV large enough, we then have 



I|J4||lS,(R»xR"*) ^ [ W ( B dI X b dI) 



1/q-l/p 



By symmetry, we have similar estimates for || J 4 (Rn X R m ) an d ||J3llz,«, 
gives (5.5) and hence completes the proof of Theorem 5.1. 



{»xR m )> which 
□ 
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6 Applications 

We first recall that a quasi-Banach space B is a vector space endowed with a quasi- 
norm || • ||g which is non-negative, non-degenerate (i.e., = if and only if / = 0), 

homogeneous, and obeys the quasi-triangle inequality, i. e., there exists a positive constant 
K no less than 1 such that for all f,g£B, \\f + g\\s < -^XII/IIb + llfflle)- 

Recall that the following notion of 7-quasi-Banach spaces was first introduced in [64]. 

Definition 6.1. Let 7 G (0, 1]. A quasi-Banach space By with the quasi-norm || • \\& is 
called a 7 -quasi-Banach space if \\f + < + f° r a h f, 9 £ By 

Notice that any Banach space is a 1-quasi-Banach space, and the quasi-Banach spaces 
P, Ll(R n x R m ) and HZ(R n x R m ; A) with 7 G (0, 1) are typical 7-quasi-Banach spaces. 
Moreover, according to the Aoki-Rolewicz theorem (see [2], [30, p. 66] or [47]), any quasi- 
Banach space is essentially a 7-quasi-Banach space, where 7 = [log 2 (2.K")] _1 . 

For any given 7-quasi-Banach space By with 7 G (0, 1] and a linear space y, an operator 
T from y to £> 7 is called By-sublinear if for all f,g&y and A, 1/ 6 C, we have 



||T(A/ + ^)|| S7 < (|A|lT(/)g 7 + MlT( 5 )||^ 



1/7 



and ||T(/) — T(g)\\s 1 < — <7)||s 7 . The notion of i? 7 -sublinear operators was first 

introduced in [63]. 

We remark that if T is linear, then T is # 7 -sublinear. Moreover, if By is a space of 
functions, T is sublinear in the classical sense and T(f) > for all / G y, then T is also 



i3 7 -sublinear. 



Theorem 6.1. Let w G Aoo(A), q w as in (2.7) and (p, q, s) w an admissible triplet. Let 

™ ? (R» x R m ; A) - By 



7 G \p, 1] and £> 7 6e a 7- quasi- Banach space. Suppose that T : 9 ^(R n x M m ; A) — > 23 



zs a By-sublinear operator such that 

(6.1) sup{||T(a)||g 7 : a is any (p, g, s)^-atom} < 00. 

Then there exists a unique bounded By- sublinear operator T from Hw{R n x R m ; A) to By 
which extends T. 

Proof. Without loss of generality, we may also assume that s satisfies (5.1) and (5.2). For 
every / G H^ q ^(R n x R m ; A), by Theorem 5.1(h), there exist {\jY j=1 C C and (p, q, s)* w - 
atoms {aj} e j=1 such that / = £^=iVj pointwise and ^=1 N P £ H/Htf £(R » xR m. A)" 
Then by (6.1), we have 



< 



3=1 



~ 11^ H//£(K n xR m ; A) ' 



Since H^ q ^(R n x E m ; A) is dense in H^(R n x M m ; A) by Theorem 5.1(i), a density ar- 
gument gives the desired result. This finishes the proof of Theorem 6.1. □ 
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Remark 6.1. If T is a bounded £> 7 -sublinear operator from H^(R n x R m ; A) to B~ p then 
it is clear that for all admissible triplet (p, q, s) w , T maps all (p, q, s)^-atoms into uni- 
formly bounded elements of B 1 . Thus the condition (6.1) of Theorem 6.1 is also necessary. 

Motivated by Theorem 1 in [24], we introduce the rectangular atoms in the current 
setting and then derive the boundedness of sublinear operators from their behavior on 
rectangular atoms. 

Definition 6.2. Let w G ^00(^4) and q w be as in (2.7) and (p, q, s) w be an admissible 
triplet as in Definition 4.2. For R G 7^-, a function a R is said to be a rectangular (p, q^ s) w - 
atom if 

(i) a R is supported on R" = R'{ x R%, where R" = x Ri + 5^^ (J? . ) _ 1)+u . +3(T ., % = 1, 2; 

(ii) J Rm or(xi, X2)xf dx\ = for all \a\ < s\ and almost all X2 G R m , and 
JiRn OflOci, X2)x^dx2 = for all |/?| < s 2 and almost all a?i G IR ra ; 

(iii) ||a|| LMR „ xRm) < [w(R)] 1 /^. 

Let i = 1, 2. For any R, t G Q« and A; G Z+, set = + BW (<(fli) _ 1)+tt . +5o .. +fc . 
The following corollary is very useful in the study of boundedness of operators in 
R~l{R n x R m ; A). 

Corollary 6.1. Let w G Aoo(A), q w as in (2.7) and (p, q±, s) w an admissible triplet. LetT 
be a bounded sublinear operator from Lw(R n x R m ) to Lw(R n x R m ), where qo G [q±, 00). 
Let q G \p, 2) 6e suc/i i/ia£ 1/q — 1/p = 1/qo — 1/qi- If there exist positive constants C, e 
such that for all k G Z + and all rectangular (p, qi, s) w - atoms a R , 

(6.2) f \T{a R ){x)\ q w{x)dx < Cmin{^ fce , b 2 ke }, 
J(R 1>k xR 2>k ) c 

then T uniquely extends to a bounded operator from H'w{R n x IR m ; A) to Lw(R n x R m ). 

Proof. Let all the notation be as in the proof of Lemma 4.3. To show Corollary 6.1, 
by Theorem 6.1, we only need to show that for all (p, qi, s^-atoms a = YlR£ m (n) a Ri 

ll ra lli«,(IR"xR m ) ~ !• 

Recall that r/ = b v 1 1 ' 5ai b v 2 2 " 5a2 . For each R = R 1 xR 2 £ m(fi), let #1 = #i(i? 2 ) being 
the "longest" dyadic cube containing R\ such that \{R\ x i?2) H (l\ > r)o\Ri x i^l- Let 

Q' = {x G R n x M m : M s (^)(x) > bf Ul b 2 2u2 Vo }. 

For any given R\X R2 € m{Vt') and i?i D let i?2 = ^2(^1) being the "longest" dyadic 
cube containing i?2 such that |(i?i x i? 2 ) H f2'| > T70I-R1 x i? 2 |. 

Let 71 (i?) = 7i(i2, f2) = £(£1) - £(i?i) and 72 (^i x R 2 ) = 72(^1 x i? 2 , fi') = £$2) - 
£(R 2 )- Then by Lemma 4.4, for any 5 > 0, we obtain 

(6.3) £ ^^)^(fi) 

Rem(n) 
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and 

(6.4) £ ^ RlX ^w(R)<w(Q). 

K6mi(fi') 

Set 

R*=mxR* = (x Rl + ~ N , ) x + B {2 \ ~ , , ). 

By the argument for (4.40) and the Lw(R n x R m )-boundedness of A4 S (see Proposition 
2.2(h)), we have 

(6.5) \J R* C fi"' and w(h"') < w((l). 

From this, 1/q — 1/p = l/qo — 1/qi and the size condition of a, together with Holder's 
inequality and the boundedness of T from (R n x R m ) to L^(R n x R m ), we deduce that 

1/q f r \ l/qo _ 

I \T(a)(x)\ q w(x)dx\ <\ \T{a)(x)\ qo w{x)dx\ w(n'") 1/q - 1/q » 
a 1 " J I Jo," 1 J 

<II«IIlS(m«x K -)^(^) 1/p " 1/91 ^i- 

It remains to prove that //~„,xC |T(a)(x)| 9 < 1. Without loss of generality, we may 

(SI'" j 

assume that g < 1. The proof of the case q G (1, 2) is similar and we omit the details. 
Since g < 1 and a = ^^ em (n) °-R> by (6.5), we obtain 

/ \T(a)(x)\ q w(x)dx 
J (si'") 

< E [ JT(a fl )(aO|MaOdz 

- ™ ■'("'") 

\T(a R )(x)\ q w(x)dx = Ei + E 2 . 



< E f/ . + / . 

(Q) L J(M n \-Ri)xR m JR"x(R m \R^) 

Since a R [w(R)] 1 / qi - 1 / p \\a R \\~j 1 (RnxRm) is a rectangular (p, g x , s^-atom, by (6.2), we have 
/ \T{a R ){x)\ q w(x)dx < \\a R \\ q Lq R [w(R)] 1 - q / q ^ {R) . 

From this, l/qi — 1/p = l/qo — 1/q, Holder's inequality, the size condition of a and (6.3), 
it follows that 

( -\ 1—9/91 

< [^(0)]^/9l -1/P) [™(J2)]9(l/9l -1/50) J £ ^(#^91 ^7l(fl)/(9l-9) I <j 

Similarly, by (6.4), we obtain E2 < 1. This finishes the proof of Corollary 6.1. □ 
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Appendix 

In this appendix, we give the proof of Proposition 3.1 by establishing a more general 
version, namely, Theorem A.l below. Let B be a Banach space and L^°(lR ri , B) the set of 
/ G L°°(M. n , B) with compact support. Through the whole appendix, we use B\ and B2 
to denote two Banach spaces. 

Definition A.l. An operator T is called a C alder on- Zygmund operator if T is bounded 
from L r (R n , B±) to L r (R n , B2) for certain fixed r G (1, 00), and T has a distributional 
C(Bi, £ 2 )-valued kernel JC such that for all / G L™(R n , B x ) and x supp/, 



T(/)(x) = / K(x,y)f(y)dy, 

JM." 



where /C is a standard kernel in the following sense: there exist positive constants C and 
e such that for all x, y, z G R™ satisfying p{z — y) < b~ 2a p(x — y), 

(A.l) \\K{x,y)\\ L{BuB2) <C/p{x-y) 

and 

(A.2) ||/C(y, x) - K{z, x)|| L(Bl)Ba) + ||/C(x, y) - /C(x, z)|| L(Bli&) < ^ p ^_~)i+ e - 

Let L 1 '°°(lR n , H) be the set of all immeasurable functions / on W 1 such that 
II/IIlWm»,S) = supa| {x G R n : > a} | < 00. 

a>0 

Then by [33, Theorem 1.1], we have the following result. 

Lemma A.l. Let p G (1, 00). Suppose that T is a C alder on- Zygmund operator. Then T 
is bounded from L p (R n , B{) to L p (R n , B 2 ) and bounded from L^R™, B x ) to L 1,oc (R n , B 2 ) 

The following theorem is the main result of this appendix, which is a weighted version 
of Lemma A.l. This theorem extends [19, Theorems 7.11 and 7.12] to the weighted 
anisotropic settings and also has an independent interest. 

Theorem A.l. Suppose that T is C alder on- Zygmund operator. If p G (1, 00) and w G 
A P (A), then T is bounded from L£,(K T \ #i) to L£,(IR n , B 2 ), and if w G Ai{A), then T is 
bounded from L l w (R n , B x ) to L^K™, B 2 ). 

The proof of Theorem A.l follows from the procedure in [19]. Here we present some 
details for the convenience of readers. 

To this end, we first introduce the dyadic maximal function in this setting. For any 
given £>-measurable function / G L\ oc (M n , B) and x G R n , we define the dyadic maximal 
function by M d (f)(x) = sup feeZ E k (f)(x), where 



E k {f)(x)= Y, (w\ [ \\f(y)\\Bdy) X Q(x) 
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and Qk = {Q& '■ ol € Ik} denotes the set of dyadic cubes as in Lemma 2.1. 

In fact, E k {f) is a discrete analog of an approximation of the identity. The following 
Proposition A.l makes this precise, whose proof is similar to that of [19, Theorem 2.10] 
and we omit the details. 

Proposition A.l. (i) Let p G (1, oo]. The dyadic maximal function M d is bounded from 
L 1 (R n , B) to L 1 ' QO (M. n ) and bounded from L p (M. n , B) to L p (M. n ). 

(ii) Iff€ L\ QC (W\ B), then lim^ E k (f)(x) = \\f(x)\\ B and \\f(x)\\ B < M d {f){x) 
almost everywhere. 

The following proposition provides the C alder on- Zygmund decomposition in our setting 
with a non- typical assumption on / instead of the usual / G L 1 . This adds an extra layer 
of difficulty to the standard arguments as in [19, Theorem 2.11]. 

Proposition A. 2. Given a B-measurable function f G L P u (M n , B) for certain p G [1, oo) 
and w G A P {A), and a positive number X, then exists a sequence {Qj}j C Q of disjoint 
dyadic cubes such that 

(i) UjQj = {x G R ra : M d (f)(x) > A}; 

(ii) || /(x) He < A for almost every x UjQj; 

(Hi) A < |^-| Jq \\f(x)\\s dx < CX, where C > 1 is a constant independent of f and A; 

(iv) for any Q G {Qj}j, there exists unique Q G Q such that Q C Q, i{Q) = ^(Q) — 1 and 
±f~\\f{ x )\\ B dx<X. 

Proof. Let p G [1, oo), w G A P (A) and / G L p v (W l ). It is easy to see that / G L\ oc (R n , B). 
In fact, if p > 1, by w G A P (A), we have w~ p '/ p = w l ~ p ' G A P '(A), which implies that 

w G L^J p (R n ), where p' G W 1 satisfying 1/p' + 1/p = 1. Then for any fceZ and B k , by 
Holer's inequality, we have 



1/p' 

< oo. 



/ \\f(x)\\ B dx < \\f\\ Ll{Rn>B) { / [w(xT p / p 'dx 
If p = 1, observing that sup B ^ J B w(x) dx sup B [w(x)]^ 1 < 1, we have 
/ \\f(x)\\ B dx < sup[w(x)] _1 / \\f(x)\\ B w(x)dx < oo. 

Moreover, we claim that for almost all y G M. n , we have Ek{f)(y) — > 0, as A; — > — oo. 
To see this, notice that for almost all y G l n , by Lemma 2.1 (i), there exists an unique 
dyadic cube Qk, y G Qk for each k G Z such that y G 

Then for sufficient small fc G Z, by Qo, y C Qfej/, Proposition 2.1 (i), Lemma 2.1 (iii) 
and (iv), we have 

w(Qk,y) > w{ XQk y +B vk ^ u ) > \B vk _ u \ 1/P > b vk/p 

w(Q , y )~ w{x Q(hy +B u ) - \B u \y p - 
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From this, Holder's inequality, w G A P (A) and v < 0, it follows that 
E k (f){y) < ||/|| L , (Mn) -J— ( f [ W (x)]-v'/vdx 

\Wk,y\ \JQ k ,y 
< \\f\\Ll(^)lHQk,yT 1/p - as k - -00. 

Thus, the claim holds. 
For each fcgZ, set 

n k = {x G R n : > A, and V j < k,Ej{f)(x) < A}. 

Then we have 

{x er : M d (f)( x ) > a} = (Jn k . 

k 

Indeed, obviously, we have 

\Jn k c{x£R n :M d (f)(x) > A}. 
k 

On the other hand, for almost all y G M. n such that Md(f)(y) > A, since E k {f)(y) — > 
as — > —oo, there exists a minimal &o € Z such that E ko (f)(y) > A and any j < ko 
Ej(f)(y) < A. Thus, we obtain y G f2fc . 

Moreover, observe that £l k can be covered by disjoint dyadic cubes for each k G Z. In 
fact, if Q H Sl/<! 7^ 0, then Q C fi/j by the definition of E k f. Also notice that {£l k } k are 
disjoint with each other. By this and {i £ R" : M d (f)(x) > A} = U k Q k , we get (i). 

By the definition of Q k and U k £l k = UfQj, we obtain that (ii), (iv) and the first 
inequality of (iii) holds. Furthermore, for any Q G {Qj}ji by (iv) and Lemma 2.1(iv), 
there exists an unique dyadic cube Q D Q such that £(Q) = £(Q) — 1 and 

/ \\f(x)\\ B dx<^ -L [_\\f(x)\\ B dx<C\, 
M Jq M \Q\ Jq 

where C > 1 is a constant independent of / and A. Thus, the second inequality of (iii) 
holds. This finishes the proof of Proposition A. 2. □ 

For any / G L\ QC (W l , B) and E C W 1 , set Je = |4 J E f{x) dx, and define the sharp 
maximal function associated with dilation A by setting, for all x G R n , 

M*f{x) = sup sup b- k / ||/(z) - fy+sjedz. 

keZ,yeR n x£y+B k Jy+B k 

Then by a similar argument to that used in [19, Proposition 6.4], we have the following 
result. We omit the details. 

Proposition A.3. For any f G L\ oc (R n , B) and all x G W 1 , M*f{x) < M(||/|| B )(x), 
and 

\M l S{x) < sup sup inf&- fe f \\f(z)-a\\ B dz<M i f(x). 

2 fceZ, yeR n x£y+B k Jy+B k 
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Based on this, we have the following conclusion. 

Lemma A. 2. If po, p G [1, oo), po < p, w G A P (A) and f G L\ oc (W 1 , B) such that 
Md(f) € L^(W a ), then there exists a positive constant C, independent of f, such that 

[ [M d (f)(x)] p w(x) dx < C f [M\f){x)] p w{x)dx. 

The proof of Lemma A. 2 needs the following generalized "good-A" inequality, which is 
a extension of [19, Lemma 7.10]. 

Lemma A. 3. Let po £ [1, oo) and w G A P() (A). Then there exists a positive constant Co 
such that for all f G L^(R n , B), 7 > and A > 0, 

w({x G R n : M d (f)(x) > 2A, M\f)(x) < 7 A}) < C 0l 1/p w({x G R n : M d {f)(x) > A}). 

Proof. Fix A, 7 > 0. Since / G l4°(K n , by Proposition A.2 the set {x G R n : 
M d (f){x) > A} can be written as the union of disjoint dilated cubes. To show Lemma 
A.3, it suffices to prove that if Q is one of such cubes, then w(E) < r y 1 / p w(Q), where 
E = {x G Q : M d (f)(x) > 2A, M 6 {f){x) < 7A}. By Lemma 2.1 and Proposition 2.1(i), 
we have 

w(E) w{E) {E^/P {E^/p 

HQ) ~ w(x Q + B vt{Q) _ u ) ~ \x Q + B vl{Q) _ u \yp ~ iQjW 

where u and v are the same as in Lemma 2.1(iv). Therefore, to finish the proof of Lemma 
A.3, we only need to prove \E\ < r y\Q\. By Proposition A.2(iv), there exists QgQ such 
that i{Q) = i{Q) - 1, Q C Q and 

(A.3) -L f_\\f(x)\\ B dx<\. 

\Q\ Jq 

Furthermore, if x G Q and M d (f)(x) > 2A, then there exist certain ko G Z and Qfc G Qfc 
such that Ek (f)(x) > 2A, namely, m^~r Jq k \\f(y)\\l3dx > 2A, Proposition A.2(iv) further 
implies that Qk C Q. Therefore, for such x, we have 

M d (/ XQ )(x) > E k0 (f XQ )(x) = J-r / ||/XQ(y)bdj/ > 2A, 

from which and (A.3), it follows that 

M d ((f - /q)xq)(x) > M d (/xo)(x) - M d (/ 5 XQ)(z) 

> M d (/ XQ )(x) - -L f_\\f(y)\\Bdy>\, 

\Q\ Jq 

where we used the fact that 



(A.4) 



f{x) dx 

n 



< / \\Hx)\\ B dx 
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for all measurable sets 0. and integrable functions / on f2; see [30, 62]. Therefore, E C 
{x eR n : M d ((f - f^)x Q )(x) > X}. 

Moreover, by £(Q) = £(Q) — 1, Proposition A.l(i) and Lemma 2.1, we have 
(A.5) |{*GlR": M d ((f - f^) XQ )(x) > X}\ 

f \\f( x ) - foh dx 



< 

~ A 



Q 



1 /" 1 

<M 1 f \\f(x)-fx-+B - lledx < ^ inf 

If the set E is empty, there is nothing to prove. Otherwise, there exists certain x G Q such 
that .M"(/)(x) < 7A, which together with (A.5) further implies that \E\ < j\Q\. This 
finishes the proof of Lemma A. 3. □ 

Proof of Lemma A. 2. For N > 0, let 

/•AT 

In 



f pA p_1 «;({x G M n : M d {f){x) > A}) dA. 
■/ 



The assumptions that po <p and M d (f) G Lw°(R n ) imply that In < 00. Then, by Lemma 
A.3, 



I N = 2 P / pA p " 1 w;({x € R n : M d {f)(x) > 2A}) dX 
Jo 

nN/2 r 

< 2 p / pA^" 1 u>({x G R n : M d (f)(x) > 2A, < 7 A}) 

jo L 

+w({x G M n : A4 tt (/)(x) > 7 A}) dX 

< C 2V /p In + — / pX^wdx G R n : M\f){x) > A}) dX. 

7 P Jo 

Choose 7 such that C 2 p 7 1/p = 1/2. Thus, we obtain 

In < — / pA^ V{* G R n : > A}) dA, 

7 P Jo 

which implies the desired conclusion of the lemma. This finishes the proof of Lemma 
A.2. □ 

Lemma A. 4. If T is a C alder on- Zygmund operator as in Definition A.l, then for each 
s G (1, 00), there exists a positive constant C s such that for all f G L^(R n , B\) and 
x G R n , 

M\T{J))[x) < C 3 [M(\\m)(x)] 1/a , 
where M is the Hardy- Littlewood maximal operator. 
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Proof. Fix s G (1, oo). For any given x G M. n , pick y G W 1 and k G Z such that x G y + B^. 
By Proposition A. 3, to complete the proof of Lemma A. 4, it suffices to find an element 
a G £>2 such that 

/ \\T(f)(z)-a\\ B2 dz<[M(\\f\\k)^)] 1/s - 
Jy+B k 

Decompose / as / = /1 + /2, where /1 = fx y +B k+2rT - Now let a = T(f 2 )(x). By Definition 
A.l and / G L?°(M n , Bi), we have that a G B 2 and 



6- fe / \\T{f)(z)-a\\ B2 dz 
Jy+B k 

<b- k I \\T{h){z)\\ B2 dz + b~ k [ \\T(f 2 )(z)-a\\ B2 dz = l + ll. 

Jv+Bt, Jy+Bu 



'y+B k J y+B k 

By Holder's inequality and the boundedness of T from L S (W\ B\) to L S (W\ B 2 ) (see 
Lemma A.l), we then have 



l<U- k [ \\T(h)(z)\\ B2 dz) 

I Jy+B k ) 



l/s 

1/8 



<\b- k - 2 ° f \\f{z)f Bl dz\ < [M(\\f\\ Bl )(x)]V s . 

Moreover, if x — y G B^, y — z G B^ and a — y G B^, +2a , by (2.1) and (2.2), we obtain 
p(z — x) < b~ a p(x — a) and p(x — a) > b k+a '. From this, (A. 2) and Holder's inequality, it 
follows that 

ll<b- k j j \\K(z, a)-K(x, a)\\ L{BuB2) \\f(a)\\ Bl dadz 

Jy+B k JR n \(y+B k+2<T ) 

<b- k j I 

J y+Bk J p( x - a )>b"+" [p{x ~ a)\ i+e 

„ 00 „ 

< b -k b keJ2 / b-^ k+ ^ l+ ^\\f{a)\\ Bl dadz 

Jy+B k ~^ Jb k +°+3+i-< P (x-a)<b k + 2 °+3 



00 „ 

< J2b~H k+2 ° + i +1 / || /(a)bi da < [M(\\f\\k)(x)] 1/S - 

j=0 Jy+B k + 2a +] + i 

Combining the estimates of I and II yields the desired result and thus finishes the proof 
Lemma A. 4. □ 

Proof of Theorem A.l. We first prove that T is bounded from LfuiW 1 , B\) to -L^(R™, B 2 ) 
when p G (1, 00) and w G A P (A). By [56, Lemma 8, p. 5], there exists r G (1, p) such 
that w G Ap/ r (A). Since L™(R n , Bi) is dense in Ll(R n , B x ) (see [33, Remark 2.2]), then 
we only need to prove the conclusions of Theorem A.l by assuming that / G L£°(lR n , B\). 
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Observe that if T(/) G LZj(R n , B 2 ), then by Proposition A. 1(h), Lemma A. 2, Lemma A. 4 
and Proposition 2.1(h), we have 

\\T(f)(x)\\ p B2 w(x)dx< [ [M d {T{f)){x)fw{x)dx< [ [M\nf)){x)\*w{x) dx 

JR n JR n 

<[ [M(\\f\\r Bl )(x)r/ r w(x)dx< [ \\f(xW B w(x)dx. 
JR n JR n 

Now we turn to prove T(f) G L£,(K n , B 2 ). Since / G Lf{R n , Bi), we assume that 
supp/ C Bk for certain ko G Z. Write 

ll T (/)irL & ^, B2) = {/ + / c )\\r(f)(x)f B w(x)dx = i + ii. 

By [56, p. 7], there exists r/ G (1, oo) such that w satisfies the reverse Holder's inequal- 
ity, which implies that w G L v loc (R n ). This combined with Holder's inequality and Lemma 
A.l yields that I < oo. 

For x G {B ko+a f and y G B ko , we have x-y G B^ and p(x) < p(x-y)+p(y) < p(x-y). 
By this, / G L™(R n , Bx), (A.4) and (A.l), we have 

\\T{f){x)\\ B2 < j^\f{y)\\BA\1C{x,y)\\L { B,,B 2 )dy< I ^^dy^pixy 1 . 
Therefore, 



B k0 pi* - v) 



oo „ oo 

II < Y, / p(x)-"w(x) dx<J2 b- jp w(B* +j+ i). 

j=k jB °+i+l\ B °+i j=k 

By w G ^l p / s (^4) and Proposition 2.1 (i) , we have w(B a+ j + i) < V p / s w{B ko ), which together 
with s G (1, oo) implies that II is finite. Thus, T(f) G Lw(R n , B2), which completes the 
proof of the boundedness of T from L P u (R n , B\) to l7 w (B 2 ). 

Finally, we prove that T is bounded from Li(R n , B{) to L^°°(R n , B 2 ). Fix A > and 
/ G L^°(R n , Bi). By Proposition A. 2, there exists a sequence {Qj}j of disjoint dilated 
cubes such that the conclusions (i)-(iv) of Proposition A. 2 hold. Then we write f = g + b, 
where 

' /(*) x G R n \ U j <2j 

5(X) ^ I 1777 / f ^ dy x£Q i 
K Ivjl Jq 3 

and 6(x) = Ylj bj(x) with 

Thus by Proposition A. 2 and (A.4), we obtain 

(A.6) ||#(x)|| Bl < A for almost all x G R n , supp6 C I) Qj and / 6(x) dx = 0. 

7 •/ Q, 
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So the estimate of w({x G R n : ||^"(/)(^)||b 2 > 2A}) is reduced to the estimates of 
w{{x G R n : \\T{g){x)\\ B2 > A}) and w({x G R n : \\T {b){x)\\ B2 > A}). Notice that 
w G Ai(A) implies w G A 2 {A) and thus, T is bounded from L^(R n , #1) to L^(M n , # 2 ) as 
already proved above in this proof. Then by (A. 6), we have 

w({x£R n :\\T(g)(x)\\ B2 >\})<± [ \\T(g)(x)\\l 2 w{x) dx 

< -i / llfWIls!^^)^ ^ t / \\g(x)\\ Bl w(x)dx. 
To obtain a desired estimate for T(g), we still need to show that 

\\g(x)\\ Bl w(x) dx < / \\f{x)\\ Bl w(x)dx. 



Notice that for all x G R n \ UjQj, we have g(x) = f{x). On each Qj, by (A. 4) and 
w G A\(A), we have 



|5(x)|| Bl «;(x)dx < / 7777/ \\f(y)\\ Bl dyw(x)dx < / ||/(y) HsiMy) dy- 

Since {Qj}j are disjoint, we further have 

w({xeR n :\\T(g)(x)\\ B2 >\})< [ \\f(y)\\B 1 w(y)dy, 

which completes the estimate for T(g). 

On the other hand, set Q* = xq } + -B^(q j )+ u +2o-) where u, xq, v and £(Qj) are as in 
Lemma 2.1. Then we obtain 

w({x G R n : ||T(6)(x)|| B2 > A}) < w (U,Q*) + ^({s G R n \ U,-Q* : ||r(6)(x)|| & > A}). 

Since w G Ai(A), by Proposition 2.1, Lemma 2.1, Proposition A.3(iv) and the definition 
of Ai(A), we have 

V / / i j Njl j jQj 

^ ^II/IIli,(R",Bi)- 

Moreover, from the fact that bj has zero average on Qj, and (A. 4), it follows that 
(A.7) ^({xGlR n \U,Q*:||T(6)(x)||>A}) 

<yE / ||T(6,)(x)|| B2 ^(x)^ 

A j JM."\ Llj Q* 

dy\ w(x) dx 



* y ii»\u 3 o* JQ 3 
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^tE/ / \\£( x , V) -K(x, x Qj )\\ L{Bl;B2) w(x)dx\\b j (y)\\ Bl dy. 



Observe that x - x Qj G B lt>( Q] ) +u+ 2a and V ~ x Qj G B vi{Q 3 )+u imply that p(y - x Qj ) < 
b~ 3e7 p(x — xq^. Then by (A. 2), for all y G Qj, we have 

/ \\lC(x, y) -K(x, x Qj )\\ L{BuB2) w(x)dx 

jR n \UjQ* 

< f _P(y_ Qj) w f x \ d x 

^E rfc \<Q j)+M+ 2. +fc+ i / w(x)dx<M( W )(y). 

k=0 J B vl(Q j )+u+2<r+k+l 

From this, w G A\(A), 

[ \\b j (y)\\ Bl w(y)dy= [ \\b(y) \\ Bl w(y)dy < [ (\\f(y)\\ Bl + \\g(y)\\ Bl ) w(y) dy 
JQj JQj JQj 

and (A. 7), it follows that 

w({x G R n \ DjQ* : \\T(b)(x)\\ B2 > A}) 
<yE / \\h{y)\\B,M(w){y)dy 

<yE/ Wf{y)\\BMy)dy<\! \\f(y)\\ Bl w(y)dy. 

A j JQj a JR n 

This finishes the proof of Theorem A.l. □ 
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